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Chapter 1

Introduction

The study of frustrated magnets is one of the most interesting topics in condensed
matter physics because of their diverse magnetic properties and their immense
application to smart devices in everyday life, such as magnetic storage, memory,
switches, smart watches, magnetic resonance imaging (MRI), etc [2]. For the last
few decades, the search and synthesis of such magnetic materials have been a fron-
tier in the field of spin systems and magnetic materials. To design more efficient
magnetic devices with even more diverse properties, the first and foremost task is
to gain more knowledge about the microscopic quantum nature of spin systems.
Nevertheless, it is difficult to understand a complicated quantum many-body spin
system, but it has also at the same time proved to be an interesting challenge
to explore some of its properties, behaviors, and phases. Before going into some
specific areas of my research work, let us briefly discuss quantum magnets, spin

systems, and their various properties.

1.1 Quantum Magnets

When introducing the magnets, one cannot help but mention the large magnet
“Earth”, which consists of tons of molten iron [3]. It is known how the big magnet

“Earth” protects the planet from cosmic rays and charged particles. The other
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application is the navigation system which has been well known since the age of
Nelson Alexander and Vasco da Gama to the recent applications in Google Maps,
Apple Maps, etc [4]. One of the large magnets in the medical profession in our
daily lives, MRI belongs to the category of high-energy magnets. On the other
hand, there are many examples of the smallest magnets we know in everyday
life, such as magnetic storage devices like compact discs (CD), hard disc drives
(HDD), solid-state drives (SSD), memory chips, and smartwatches. Depending
on the size and interaction of the atoms, magnets have different energy scales
and applications. This is why MRI belongs to the category of high-energy scale
magnets, whereas, smartwatches and memory chips are well known because of their
efficiency and power consumption on the low-energy scale. However, all of these
have different applications because of their different energy scale and properties
which are contributed by each of the spins of an atom. The understanding of
the intrinsic nature of the spin of an atom is really important which motivates the
researchers to design, synthesize, and study some of the new types of spin systems.
There are many examples but the current time replacement of HDD by the SSD
as the storage device might be one good example to motivate the researchers[5].
These quantum magnets are diverse because of their different magnetism and

various kinds of magnetic properties.

Magnetism is a phenomenon in a material that originates from the orbital and
angular rotation of the itinerant and localized electrons of atoms. These rotations
of the electrons give rise to orbital and spin magnetic moment which helps to inter-
act with each other [6]. The spin alignment is conventionally decided by the axial
direction of the spin rotation. The interactions of the electrons can be of various
types and lead to exhibiting magnetic properties such as ferromagnetic, antiferro-
magnetic, paramagnetic, diamagnetic, etc. At an absolute zero temperature, this
leads to spontaneous ordering in ferromagnetic and antiferromagnetic properties
[7]. The relative spin alignment depends upon the nature of the spin exchange be-
tween any two spins. For the ferromagnetic systems, the spins are aligned parallel
i.e., the angle between the spin 6§ = 0, whereas, for the antiferromagnetic systems,

the spins are aligned oppositely or § = w. The relative angle between the spins



Chapter 1. 3

can even have any other values than these in between 0 < § < 7. CdCrsSey [8],
EuO 9], EuS[10], KoCuFy [11], RbyCrCl, [12] are the examples of synthesized
ferromagnetic materials. There are some examples of experimentally synthesized
antiferromagnetic materials such as MnO [13], RbMnFes [14], RboaMnCly [15].

FEuSe [16] is an example of synthesized partially polarized ferrimagnetic material.

Apart from these, there are some other magnetic materials such as Fe, Ni, Co,
and their alloys which simultaneously show transport properties like electrical
conductivity as well. However, this thesis work more relates to the magnetic
properties due to the many-body interactions of the localized electrons only. A

brief review is given below.

1.2 Many-Body interactions:
Hubbard Model and Heisenberg Model

Although the physics of condensed matter includes solid, liquid, and complex
systems, this thesis relates more to the localized electrons in solids where the
many-body interaction is strong. A solid is nothing more than a collection of
atoms that are close together and periodically arranged on the lattice points. Since
the distance between the atoms is small enough, the atomic orbitals and electrons
are shared with the nearest atoms through a process called hybridization [17]. It
is worth mentioning that the nuclear contribution of atoms can be neglected by
the Born-Oppenheimer approximation [18]. Due to the hybridization of atomic
orbitals and the sharing of electrons, the entire solid can be understood using the
mechanism of many-body interaction. The shared electrons are no longer confined
to their parent atomic orbital and can hop to another atomic orbital which is called
de-localization [19]. At the same time, since the orbitals of the neighboring atoms

are hybridized, the electrons experience Coulomb repulsion. The Hamiltonian for
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the many-body system with all these factors can be written as follows

H = Z tij(azaaw + h.c) + Z Z Vijki aj’aa;o,awlak’a. (1.1)

<ij>,0 ijkl o,0’
ti; is a matrix element that represents the hopping between two orbitals ¢ and
j. The hopping process is followed by annihilation (a;,) of one electron in the
i orbital and creation (a;g) of that electron at other orbital j with spin o (1) or
o'(}). Viju is the coulomb repulsion term of an electron. The terms ¢;; and Vjju

are given by,

hQ
b= [ P75 900, (12)
Viu=j [ &5 [ 56 @e@VE - e @am. )

7, and 7, are the position co-ordinates of electrons. ¢,(7), ¢,(7), ¢,(73), &,(7)

represent the orbitals. The coulomb repulsion potential between two independent

. 5 5 2
electrons can be written as V(7] —17;,) = =,
12

The complicated many-body Hamiltonian can be simplified under a few assump-
tions, such as (i) only one orbital of the atom at each site of the lattice makes
a significant contribution and the rest can be neglected, (ii) the hopping terms
are confined to the site and nearest neighbors only, (iii) the Coulomb repulsion
between electrons is effectively confined to a single site and these are the same for
each site. With these assumptions, the effective Hamiltonian of the many-body

system can be simplified as follows

N N N
H = tz Z(a;r,oaiJrl,U —+ hC) + Z €Ny + U Z Ni oMoty (14)
=1l o i=1 =1

Where €¢; = t;;, t = tij are the onsite and nearest neighbor hopping parameters
respectively, and U = Vj;;; is the Coulomb repulsion term for any location between
two spins ¢ and ¢’. U is commonly known as the Hubbard parameter. On the
one hand, t is the reason for the de-localization of the electrons and on the other
hand, U causes the localization of the electrons. The Hubbard parameter U can be

attractive (U < 0) or repulsive (U > 0). The attractive limit of Hubbard U favors
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the bonding of two electrons, which is commonly known as Cooper pair formation
and can lead to superconductivity [20, 21]. In the repulsive limit of U, on the
other hand, the electrons repel each other and exhibit metal-insulator behavior
[227 | 23]. The mobility of the electrons depends on the competition between the
repulsive U and the hopping parameter ¢ and helps to explain the metal-insulator
transition. For a sufficiently large ¢, the electrons are itinerant and behave like
the metal (with repulsive U). In the large repulsion limit of U, the electrons are
strongly localized at each location and behave as an insulator. The wandering
electrons for the single-band Hubbard model were proposed by Kanamori [24],

Gutzwiller [25] and Hubbard [26].

The U/t — oo limit is the half-filled Hubbard model, where each site contains
only one unpaired electron. In this case, the degrees of freedom of the charge
are frozen, so the charge gap is very high and the low energy spectrum comes
only from the spin interaction mechanism. The best example of a spin system
with a high charge gap is the Mott insulator [7]. In these systems, the charge
degrees of freedom are frozen and the spin or magnetic properties can be studied
independently. As mentioned above, the electrons are strongly localized at the
lattice points, and the spin of the unpaired electrons can be either upward or

downward, and they interact with each other by exchange coupling J ~ % [7].

In a three-dimensional system, the exchange interactions between two electrons
can vary in different directions depending on the geometry, and distance between
magnetic atoms. Ignoring the weak exchange couplings and in the presence of
nonmagnetic atoms in between, the magnetic atoms can be mapped to a single
chain. In general, the Hamiltonian for these systems can be written in terms of

the exchange couplings as
H=>Y J3Ps». s}, (1.5)
<ij>

The single bracket < 77 > represents the nearest neighbor interaction through the
exchange coupling ij‘-"g between the spins at the position coordinates ¢ and j. «, 8

represent the different spin components indices and S is the spin operator. The
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product S - Sf represents the overlap of different spin components at various sites
that arise due to the non-linear geometry such as the formation of the helical chains
and anisotropy arise due to the spin-orbit coupling [27, 28]. This Hamiltonian can
be modeled in a very simplified way for the different types of exchange coupling.
In the presence of bond-directional anisotropy, the Hamiltonian in a general form

can be written as

H=Y J5S;Si+ > JiSrsi+ > Jhssy, (1.6)

<ijg> <i5> <ij>

Jz JE

= Jij, and Jf’j are the exchange interactions along z,x, and y directions respec-
tively between sites ¢ and j. On the other hand, if the exchange coupling between
the spins along different directions is the same i.e., ij:ij:Jf”j:Jij, one can model
an isotropic system. Omne of the simplest examples is the isotropic Heisenberg
model [29]. The Hamiltonian for this model can be written with the exchange

coupling J;; as follows

H = Z JiiSi - S, (1.7)

where S; and 5*] are the spin vectors at sites ¢ and j. This model is extensively

studied using Bethe Ansatz [30] and numerical techniques [31].

Since, the spin operators 5%, S*, and SY do not commute to each other, these
can not have simultaneous eigenvectors due to the uncertainty principle and so
it leads to quantum fluctuation at 0K [32]. In other words, it means that the
alignment of the spins is uncertain. For any anisotropic or isotropic quantum sys-
tems having some of the Hamiltonians like Eq.1.10 and Eq.1.7 experience quantum
fluctuation. The uncertain spin alignment leads to the exhibit of various kinds of
quantum phases. It should be noted that in the low-dimensional spin systems,
the confinement effect plays a crucial role, and therefore the quantum fluctuation
also dominates in these systems and shows various interesting quantum phases.
We review the quantum phases of various kinds of model Hamiltonians for the
quasi-one-dimensional spin systems. Before reviewing the quantum phases, let us

know about the quasi-one-dimensional spin systems.
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1.3 Quasi-One Dimensional Spin Systems

In general, naturally, available magnetic materials form a three-dimensional struc-
ture, but in most materials, the exchange interactions vary in strength due to the
presence of different atoms and the separation of atoms in different directions. The
systems in which the exchange interactions between the spins in one particular di-
rection are much stronger than in the other directions behave like non-interacting
spin chains. It is found that in some of the spin systems, the strength of the
exchange couplings in the intra-chain or intra-layer is more (10?> ~ 10° times)
than the inter-chain or intra-layer, and this is why all the magnetic properties
come from the chains or layers. In general, these are called low-dimensional spin
systems. Depending upon the number of interacting chains say d = 1,2, these
are commonly known as one-dimensional or quasi-one-dimensional spin systems
respectively. The dominance of the quantum fluctuation over the thermal fluctua-
tion for the antiferromagnetic chains varies exponentially as e™™, where S is the
total spin magnetic moment [33]. It is quite obvious that the quantum fluctuation
is very lafrge for the spin-1/2 chains. This thesis deals with spin-1/2 model Hamil-
tonians only and therefore we mention some of the spin-1/2 quasi-one-dimensional
spin systems. Extensive studies are done on some of these simplest models such as
the simple Heisenberg model [30, 34], one-dimensional XXZ model [35-37], Kitaev
spin chain [38], J; —J; model [39, 40], zig-zag ladder [41-43], square ladder [44-46],
etc. There are also some other complex spin systems such as trellis ladders [47],
Kagome strip ladders [48, 49], 3-4 skew ladders [50], 5-7 skew ladders [51], Kitaev
ladders [52], etc.

The schematic diagrams for various types of spin chains and ladders are shown
in Fig.1.1. In Fig.1.1, one can follow very easily that various kinds of ladders are
extensions of other ladders by adding or removing some of the bonds or exchange
couplings. .J; — Jo spin chain and zig-zag spin ladder in Fig.1.1.(b),(c) are the
extensions of a normal spin chain in Fig.1.1.(a). Similarly, a normal ladder can
be constructed by a normal spin chain by adding the rung exchange couplings.

Kagome strip ladder in Fig.1.1.(e) can be formed by adding two decoupled spin
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(a) Normal spin chain (b) J1-J2 spin chain
JR
IL - IL
(c) Zig-zag spin ladder (d) Normal spin ladder
(¢) Kagome strip spin ladder (f) Trellis spin ladder

FIGURE 1.1: Schematic of various types of spin chains and ladders are shown.

chains via a site in between. The interesting Trellis spin ladder is a combination
of normal and zigzag ladders. Similarly, by adding or removing some of the bonds
or exchange couplings along rung, diagonal, and third neighbor interaction, one

can model any desired spin ladder system [53-55].

There exists plenty of materials that can be mapped to some of the above-mentioned
models. For an example, CuCl,y - 2N (CyD5) [56], KCuGaFg [57], KCuF3; [58] be-
have as the spin-1/2 antiferromagnetic Heisenberg chains. There are some exam-
ples of spin-1/2 chains with the nearest neighbor (NN) ferromagnetic and the next
nearest neighbor (NNN) antiferromagnetic interactions also such as LiCuSbO,
[59], LiCuV Oy [60], LiCusOs [61], LiaZrCuO, [62]. There are many examples
of 2-leg, 3-leg, half-twister ladder systems like SrCuyO3 [63], SraCusOs [64],
(VO)2P,O7 [65, 66], BazCuzScyO12 [67, 68]. The examples of zig-zag ladders
are C'soCuCly [69], TICuCls [70], NH4CuCly [71]. There are also many higher
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dimensional spin systems such as LasCuQy, Y BasCuOg [72] behave as the spin-
1/2 square ladder, LiNiOy [73], C'seCuCly [74] and some organic compounds [75]
behave as spin-1/2 triangular Heisenberg model. The example of layered honey-
comb lattices with antiferromagnetic interactions NasIrOs [76], Kitaev interac-
tions LigIrOs5[77]. The CaV,0s5 [78], MgVo05 [78] are examples of the spin-1/2

trellis ladders in which the spin-1/2 V," ions interact along the zig-zag coupling.

However, the complexity of lattice geometry and the number of interacting ex-
change couplings make these systems many-body in nature and the Hamiltonian
of such systems give rise to various kinds of energy spectrum, ground state wave-
function, and excitations. In the next subsection, we discuss the quantum phases

of some of the quasi-one-dimensional spin systems.

1.4 Quantum phases in Quasi-One Dimensional

Spin Systems

As stated in the Mermin-Wagner theorem [79], there is no possibility of any true
long-range ordering for the quasi-one-dimensional spin systems at any finite tem-
perature. On the other hand, at an absolute zero temperature i.e., at 7' = 0K,
these spin systems can show long-range ordering (LR0), quasi-long-range ordering
(QLRO), short-range ordering (SRO) by staying in the lowest energy level i.e., the
ground state [32]. In this state, the wave function describes the true nature of the
system. The nature of these conventional ordering can be obtained by calculat-
ing the longitudinal and transverse components of the spin-spin correlation in the
ground state phases. The various spin-spin correlations are defined in subsection
1.5. However, the effect of the quantum fluctuation, frustration, and competing
exchanges are very much dominating and can not be ignored for the quasi-one-
dimensional systems [53, 80]. As a consequence, these parameters can give rise
to various exotic quantum ground state phases with various kinds of ordered or
disordered phases such as ferromagnetic [7], Néel [81], antiferromagnetic [7, 82],

spiral [83], dimer [84], Luttinger liquid [85, 86], quantum spin liquid [87, 88|, and
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magnetization plateau [89] etc. We discuss one by one how quantum fluctuation
and frustration play a crucial role in some of the standard quasi-one-dimensional

spin model systems.

The effect of quantum fluctuation can be well understood by solving the Hamilto-
nian of a spin-1/2 isotropic Heisenberg model. The Hamiltonian for the isotropic
Heisenberg exchange J which is restricted to only the nearest neighbor atoms can

be written as

H=7J> 58§, (1.8)
<ij>

The above model Hamiltonian can be solved by following two approaches (i) clas-
sical treatment, and (ii) quantum mechanical treatment. In the classical approach,
the Hamiltonian can be written as a function of the angle 6 between the spins as
JS%Cos(), where S is the total spin at each site. From this expression, @ in the
ground state of the system can be obtained by minimizing the Hamiltonian. From
this model Hamiltonian, it is clear that 6 = 0 favors the minimization of energy for
ferromagnetic exchange, i.e. J > 0, and in this case, all spins are oriented parallel
to each other | 11 .... T111). The energy for the ferromagnetic ground state can
be easily obtained as € = %, where, N is the system size. Whereas 6 = 7 gives
the ground state with the antiferromagnetic exchange, i.e. J < 0. In this config-
uration, the neighboring spins are aligned antiferromagnetically | TJ14 .... T4TJ)
or | JTNT ... 1)1, Either of these configurations is well known as Néel state
[81]. The obtained ground state energy of the Néel phase can is € = —% for the

antiferromagnetic J.

In the quantum mechanical treatment, the ferromagnetic ground state is the same
as | ™11 .... ™11) . Whereas, the ground state for the antiferromagnetic exchange
is different for the quantum mechanical approach. The ground state for the anti-
ferromagnetic exchange coupling can be obtained using the Bethe Ansatz and it
gives the energy € = % — NJIn2 [30]. In this case, the ground state phase is a
singlet which can be written as \%H N ) - I s D] and this
configuration is called the perfect antiferromagnetic state. This is because of the

quantum fluctuation and can be understood easily by writing the Hamiltonian in
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the second quantized notation as follows

N
H =0y 5 (57 Sia+ 50 8) + Si%a), (19)

i=1
The raising and lowering operators in the above Hamiltonian try to preserve the
inversion symmetry and as a consequence, the wavefunction is a superposition of
two Néel states. The quantum mechanical treatment makes it clear how much
the quantum fluctuation is crucial to deciding the exact quantum ground state.
It should be worth mentioning that the Néel phase is a LRO phase, whereas, the

perfect antiferromagnetic phase exhibits QLRO due to the quantum fluctuation.

However, with the introduction of bond-dependent exchange couplings in the above
Hamiltonian, one can obtain the Hamiltonian for an anisotropic chain. Depending
upon the strengths, it can have LRO, QLRO, and SRO in the quantum phases
depending upon the competing strengths of the exchange couplings. The Hamil-
tonian for this kind of spin system with nearest neighbor couplings J*, J*, and JY

along z, x, and y directions respectively can be written as
H=Y JS8+Y JSsi+> Jusisy, (1.10)

This model Hamiltonian describes the 1-dimensional anisotropic XXZ model. One
of the simplest examples of the above Hamiltonian is a spin-1/2 Kitaev ladder [52].
For the various competing limits of these exchange couplings, the Hamiltonian can
be reduced to other spin models as well. For J* = JY = 0, J* # 0, the model
Hamiltonian represents the Ising model. In this case, it does not have the quantum
fluctuation in the model Hamiltonian, and therefore for the antiferromagnetic
exchange, the ground state phase is Néel phase which is LRO. J* #£ JY £ 0, J* =0
is the case when the model Hamiltonian describes the anisotropic XY model and
it can be solved using Jordan-Wigner transformation [90, 91|. The J* = JY # 0,
J* = 0 is the isotropic XY model [92]. The ground state phases for this model
Hamiltonian are always co-planar and it exhibits the LRO for the anisotropic

XY model ie., J* # JY, and QLRO for the isotropic XY model i.e., J* = JY.
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(a) Geometrical frustration (b) Exchange frustration

FIGURE 1.2: Various kinds of frustrations are shown in schematics.

J* = JY # J? describes the spin-1/2 XXZ model. The model Hamiltonian for the

1-dimensional spin-1/2 XXZ model can be written as

N
1 — — z Q2
H = Z[JE(S;FSH—I +5; Sit—l) + A5 i+1]7 (1.11)
i=1

J is the nearest neighbor exchange coupling along the x and y direction whereas, an
axial anisotropy A is introduced along the z direction. The quantum ground state
phases for this model are always studied as a function of %, provided J is always
antiferromagnetic. Below % = —1, the system exhibits the LRO ferromagnetic

phase [35-37]. Due to the non-vanishing exchange couplings, the system exhibits

two kinds of phase transitions below and above § = 1 [35-37]. The critical regime
XY phase is reported below % = 1 and the antiferromagnetic phase above % =1

35-37).

Frustration is another intrinsic parameter which is significantly contributing to
the quantum ground state for the quasi-one-dimensional spin systems. We dis-
cuss below the effect of frustration in these kinds of spin systems. Each of the
localized spins of these systems may interact with many other spins and hence it
can not satisfy all the interactions simultaneously which gives rise to frustration.

Frustration might arise due to various geometries and competing strengths of the
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exchange interactions. Fig.1.2.(a) represents the geometrical frustration, whereas,

Fig.1.2.(b) shows the frustration due to the competing exchange couplings.

In Fig.1.2.(a), all of the spins at three vertices of the triangle are interacting via
exchange coupling J. The antiferromagnetic exchange coupling tries to orient each
of the spin pairs antiferromagnetically but in this case, the alignment of the spins
is not deterministic because of the equal exchange interactions among the three
spins. The quantum mechanical treatment of the spin Hamiltonian of the triangle
with Heisenberg antiferromagnetic exchange interaction J as shown in Fig.1.2.(a)
restricts the total spin to be in S = 1/2. The ground state in this spin sector
is a linear combination of six possible spin configurations: | JJ1), | I14), | 411,
| T3), | ™), and | TM)). With a large collection of many triangles i.e., for
a triangular lattice, the spin configurations increase and give highly degenerate
disordered ground state phases such as gapless spin liquid which is observed in

many triangular lattices such as YoM gGaO, (93], PrZnAl;;019 [94].

Fig.1.2.(b) shows an example of the frustration due to the unequal exchange inter-
action strengths J; and J,. All of these interactions being antiferromagnetic, try
to favor the antiferromagnetic orientation but because of the unequal strengths,
all the bonds can not be simultaneously satisfied and give rise to frustration. The
simplest example of a frustrated quasi-one-dimensional spin system is the spin
chain with competing exchange interactions antiferromagnetic J; with the nearest
neighbor and antiferromagnetic Jo with the next nearest neighbor. The ground
state phases of this system vary depending upon the strength of J; and Jo. It
shows many quantum phase transitions by tuning the Jy/.J; ratio [95, 96]. This
system experiences an interesting phase transition at ﬁ—f = 0.241 from a gap-
less QLRO phase to a gaped dimer phase. Interestingly, this model reduces to
the well-celebrated Majumder-Ghosh model [39] for j—j = (0.5. At this parameter

value, the system exhibits the perfect dimer phase which is doubly degenerate, and

the ground state energy at this point is € = —3JéN , where, N is the length of the
spin chain. Another model With the nearest neighbor ferromagnetic J; and next
nearest neighbor .J, exchange coupling, the system is also found to experience frus-

tration due to the competing exchange coupling. The ground state for this model
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is a gapless ferromagnetic state below j—j = 0.25, and an incommensurate spiral

phase for the coupling limit 0.25 < % < 0.67 [96].

There are some isotropic and anisotropic ladder systems as well which exhibit
various types of exotic quantum ground state phases due the frustration. A two-
leg normal spin-1/2 ladder with its different competing rung and leg exchange
limits exhibits various ground state phases. It has already been explored with
different ground state phases such as rung-singlet and rung-triplet. All these
phases of low-dimensional ladders are very similar to the GS phases of a square
lattice of spin-1/2 [97]. There are various kinds of anisotropic spin-1/2 ladder
systems where the rung and leg exchange couplings are anisotropic. A ladder
system with Heisenberg interaction .J; along the rung, Ising type interactions .Jo
along the leg, and J3 along the diagonal shows various ground state phases such
as Néel, ferromagnetic, stripy leg, stripy rung [98]. There are many fused ladder
systems such as 3/5—,5/7— slanted ladders that have magnetic GS and show
different interesting GS phases for spin-1/2 and 1 [51].

In the next subsection, we discuss how these quantum phases and boundaries

between any two quantum phases can be characterized.

1.5 Level crossing and Spin-Spin Correlation

At the absolute zero temperature, the ground state energy and wavefunction can
give an idea about the spin alignment in the system. It is mentioned above that
for different limits of the exchange couplings, the same system exhibits various
kinds of quantum phases. The exhibition of these quantum phases is spontaneous
and it is possible through level crossing of the energy levels, breaking the lattice
symmetry, or by breaking any hidden ordering in the system. With the change
of the exchange coupling, the low-lying states cross each other at some point in
the parameter space and it can indicate a phase transition. At the quantum

phase transition point i—f = 0.241 for the J; — J, model with AFM J; and AFM

J2, the singlet-triplet crosses each other [99]. The gap between the singlet and
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triplet is important to study because this gap vanishes in the thermodynamic
limit below % = 0.241 [99]. Similarly, the spin gap between the non-magnetic and
ferromagnetic phase vanishes at the critical point % = —1 for the spin-1/2 XXZ
model with anisotropic exchange couplings J and A as described above. These are
examples of the critical points where the level crossing can characterize the phase
boundaries. Below and above these phase boundaries, the system has different
kinds of ordering in the system. These orderings can be understood by calculating
the different components of the spin-spin correlation between the spins. At a
distance r from the reference site 7, the longitudinal component C*(r) = (S757,,.)
and transverse components C*(r) = (SFSY,.), C¥(r) = (S7SY,,) give an idea
about the relative spin-alignment among all the spins. The ordering of the spins
in various quantum phases can be identified by following the behavior. The power-
law behavior of the spin-spin correlation is referred to as QLRO, whereas, with
an exponential function, the SRO phases can be identified. The systems can have
continuous phase transitions as well with various kinds of topological phases i.e.,
hidden ordering which can not be identified through level crossing. The infinite-
order Kosterlitz thoughtless transition at % = 1 is an example of a topological
phase transition because it does not show any level crossing at this critical point

[100-104].

1.6 Quantum Fidelity, Entanglement, and Quan-

tum Concurrence

While mentioning these phases, the other quantum measurements should also
be discussed which can characterize the quantum phase transitions and give an
idea about the quantum correlation among different parts of the system. In this
subsection, we discuss in brief various quantum measurements such as quantum

fidelity, entanglement, and quantum concurrence [105, 106].

Quantum fidelity is a quantitative measure of the closeness i.e., the overlap of the

wave functions for two different parameter values. The quantum fidelity is equal



Chapter 1. 16

to one for a single phase and less than one for two different phases. Near a critical
value of the tuning parameter, the fidelity shows a sudden jump from unity and

signifies the overlap of the wavefunctions of two orthogonal quantum phases.

The quantum wave function is a superposition of many significant configurations
of the system in space. Quantum correlation is a process in which spatially sepa-
rated particles interact with each other even at great distances. For example, an
antiferromagnetic spin-1/2 chain with exchange interaction between the nearest
neighbors has a quasi-long-range effect on the spin-spin interaction. On the other
hand, quantum entanglement is a quantum phenomenon in which two or more
particles share the same wave function without having their independent identi-
ties. In other words, the wave function for the whole system cannot be written
as the product of the wave functions of the individual participants. For example,
the singlet is a two-body wave function that can be written as % Here, the
independent wave functions of two digits cannot be written, i.e. the singlet is a
maximally entangled state [107]. On the other hand, the wave function of the
ferromagnetic state for two sites can be written as | 11). The FM wave function
can be written as the product of the wave functions of two spins as | 1) ® | 1) and
so the FM is a product state. To quantitatively measure the entanglement of the
wave functions in different phases, one can calculate the von Neumann entropy
[108], the quantum concurrence [109], etc. These quantities are very important
for the calculation and analysis of ladder systems, as they have many intercon-
nected rungs. For different values of the exchange parameters, these rungs behave
independently and are separated from the entire ladder. The quantitative mea-
surement of entanglement plays a crucial role in determining the quantum phase

transitions for the ladder systems.
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1.7 Magnetization plateau: effect of magnetic

field

At an absolute temperature, after the application of a magnetic field, these spin
systems can exhibit various non-magnetic, magnetic phases that reside in vari-
ous magnetization plateaus. The application of the magnetic field may excite the
systems to high spin sector states by closing the energy gaps between these two
states. This is why the energy gaps among various states and the nature of the
wave function of the states become more important in studying the effect of the
magnetic field. Depending on the system’s energy spectrum and the applied mag-
netic field, the systems can exhibit various high spin ground state phases. For the
gapless systems, these energy gaps are adiabatically closed by the application of a
magnetic field, and therefore for the thermodynamic limit, the magnetization vs
magnetic field curve shows continuous change. On the other hand, for the gapped
systems, the magnetization process is not continuous and can persist in the high
spin ground state for a larger range of the applied magnetic field which gives rise
to magnetic plateau phases. These plateau phases are connected by sudden jumps
which are known as magnetic jumps. These magnetic jumps and plateaus can be
understood in terms of the spin gap by satisfying the Oshikawa-Yamanaka Affleck
(OYA) criterion [110]. In various gapped phases such as in various dimer phases,

these magnetic plateaus are significant.

1.8 Machine Learning for the Spin Systems

The recent development of various machine learning (ML) algorithms has attracted
attention in condensed matter physics. Pattern recognition has been useful in
detecting the classical phase transition efficiently [111]. The principal components
in the case of the fermionic systems [112], Ising model and XY model have also
been studied to characterize the quantum phase transitions [113, 114]. ML is an

advanced tool in recent times in which the proper choice of the input data set to
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various kinds of techniques can help in detecting the quantum phase transitions,

the nature of the quantum phases and hidden ordering in the system.

1.9 Outline of thesis

The thesis is organized in the following sequence.

In Chapter 2, we describe the standard numerical techniques such as exact di-
agonalization, density matrix renormalization group method, and an analytical
approach: transfer matrix method. We also describe in brief the machine learning

technique’s Principal Component Analysis.

In Chapter 3, we study and benchmark the quantum phase transitions for the
spin-1/2 J; — Jo model by using the machine learning method Principal component

analysis.

In chapter 4, a spin-1/2 XXZ model is considered to study the quantum phase
transitions using the unsupervised machine learning technique Principal compo-

nent analysis.

In Chapter 5, the quantum phases, quantum phase transitions, and thermodynam-
ics are studied for a two-leg spin-1/2 ladder with alternate Ising-Heisernberg rung

interactions using the exact diagonalization method and transfer matrix method.

In Chapter 6, the same two-leg spin-1/2 ladder system with alternate Ising-
Heisenberg rung exchange interactions is studied in the presence of the magnetic
field. Various kinds of magnetic plateau phases are studied in this model using

the exact diagonalization method and transfer matrix method.

In Chapter 7, the quantum phase transition of a spin-1/2 pyrochlore ladder system
is studied. The energy crossover and spin-spin correlation in the system shows a

symmetry-broken phase transition in the system.

In chapter 8, we summarize with relevant remarks about all the thesis works and

conclude.
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Numerical and Analytical

Methods

In the first chapter, we have discussed the complicated Hamiltonian of the frus-
trated spin systems and also the difficulty in finding the solution of the many-
body Hamiltonians. The quasi-one-dimensional spin chains and ladders are the
best candidates to see the large quantum fluctuations due to confinement in low-
dimensional systems. Therefore, these systems are fascinating for both experimen-
talists and theorists. Another advantage of dealing with low-dimensional many-
body systems is the availability of various numerical techniques to solve these
models accurately. Even for the quasi-one-dimensional systems, in the presence
of competing exchange interactions or frustration, these Hamiltonians can have

various energy spectrums.

There are many methods to solve these many-body Hamiltonians by using various
approximated analytical methods like series expansion [115], mean field theory
[116], spin wave theory [117], renormalization group [118, 119], Bosonization [120],
Bethe Ansatz [30], etc. Whereas, numerical techniques are e exact diagonalization
(ED) [121-123], density matrix renormalization group method (DMRG) [124, 125],
quantum Monte Carlo (QMC) [126], Numerical RG [127], Tensor Network [128],
Matrix Product state [129], etc. Unfortunately, each of these approximate methods

19
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has its limitations. For example, the ED method applies to smaller system sizes.
Whereas, the QMC method has sign problems for far away from half-filling for
the fermionic systems or frustrated spin systems. The biggest problem with the
exponential growth of Hilbert’s space with the size of the system, therefore, solving
the eigenvalue problem for the exponentially growing Hilbert’s space is a Herculean
task. The development of new efficient numerical techniques to obtain many body

GS is still an open problem for researchers

The recent development in the field of machine learning (ML) to tackle the many-
body problem has created a new paradigm and promises to solve many challenges
shortly. In the case of spin systems or more generally in condensed matter physics,
the ML method has recently proven to be a better tool for computing and ana-
lyzing large data sets. Some of the regression methods are widely used to extract
experimental data, while some of the ML methods such as principal component
analysis (PCA), artificial neural networks (ANN), and convolutional neural net-
works (CNN) are modified by combining with the previously used conventional

methods according to the requirements of theorists. [111, 113].

In this chapter, we discuss the two numerical methods (i) exact diagonalization
(ED), and density matrix renormalization method (DMRG). We will also use the
machine learning approach to find the quantum phase boundary using the quantum
principal component analysis (PCA). At the end of this chapter, we discuss an

analytical method called the transfer matrix method (TM).

2.1 Exact Diagonalization

The exact diagonalization method is one the most elegant and sophisticated nu-
merical techniques that deal with the complete set of basis states i.e., the full
Hilbert’s space. The major advantage of this method is to give the exact eigenval-
ues and eigenvectors of a given Hamiltonian for only small system sizes therefore
solving the eigenvalue problem is impossible. The degree of freedom for N number

of sites goes with systems as m”" where m is the per-site degree of freedom. For
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Fermionic systems, the per-site m is 4 and can have configurations | 1), | 1), }),
|0). For spin systems, the degree of freedom m is 25 + 1 where S is the total spin.
For example, S = 1/2 systems can have configurations | 1), | |) and so the no. of
configurations goes as 2"V. For the Bosonic case, the number Boson is infinite but
for the interacting Bosonic system, the maximum number of degrees of freedom
can be restricted to a finite value m without affecting the actual nature of the
system. The degree of freedom for the Bosonic systems increases as m” and the

m can be in the range of 2 for hard-core Boson and 4 for soft-core Boson.

Before going to the technical aspects of the ED method, let us briefly discuss how
the basis set of a system is generated. The basis of a Fermionic, Bosonic, or spin
system can be generated as a string of binary bits of the computer and one or two
binary bits represent the degree of freedom for each site for example, the degree
of freedom on each site of the Fermionic system can be 4 and bit representation of
the configurations | 1)), | 1),] 1), [0) |11) are |10),]01),]00) respectively. In case

of the spin S = 1/2 system | 1), | |) can be represented as |1), |0) respectively.

The next step is generating the Hamiltonian matrix in the full Hibert space of the
system, and the computation cost of this process is in general as m™ where m is
a number of the basis set. The dimension of the basis of the reduced using the
different symmetries like rotation symmetry of spins like spin parity, and inversion
symmetry due to geometrical symmetries in the system of spin systems. These

two symmetries can be explained as follows:

1. Spin parity: The spin-flip operation of one coordinate by an angle 7 for
each site of the systems can be thought of as the parity operation P. The
mathematical expression of the spin parity operator gives P| 1) = | |)
and P| |) = | 7). One can notice that successive operation of the parity
operator gives back the same state i.e., P?| 1) = | 1) and P?|]) = | ]). This
parity operator forms the abelian group of Z; symmetry with two irreducible
representations. Similarly, the spin-flip operation may take place for all the
coordinates, and in that case, it is called the point-reflection. This symmetry

operation is useful for an isotropic system to check the chirality.
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2. Inversion: The reflection symmetry of a system concerning a plane or axis
is called the inversion symmetry. As an example of a linear chain, the two
halves of the system are identical to a line passing through the exact midpoint

of the chain.

In many cases, the total spin or z-component of the total spin can also be conserved
and each of these spin sector matrices of the Hamiltonian can form a block diagonal
Hamiltonian. The dimension of the basis states for different spin sectors S* goes
as C N g which is less as compared to the number of all the basis 2V. In the
Fermionic system, these symmetries can be electron-hole symmetry at half-filling
of a bipartite system, spatial symmetry of geometry of the systems, etc. The total

spin or its z-component of the Fermionic system can also be conserved.

The third step of the ED method is to find the eigenvalue and eigenvector of the
Hamiltonian matrix, and computational cost to find all eigenvalues and eigenvec-
tors of a given matrix using a standard numerical algorithm goes M? where M is
the matrix dimension. In most cases, researchers are mostly interested in either
the few largest or few lowest eigenvalues of the matrix, and hence the computa-
tional cost is even reduced. This cost can further be minimized by choosing a

proper algorithm.

There are only a few efficient numerical algorithms to find the ground-state (lowest
eigenstate) or low-lying excited states (lowest few eigenvalues or eigenvectors) like
the Lanczos [122, 130], modified Lanczos [131], and Davidson algorithms [132].
Davidson algorithm is one of the well-known approaches for dealing with a large
symmetric and sparse matrix for finding the low-lying eigenstates [132, 133]. We
discuss the Davidson’s algorithm below

(a) Davidson’s Algorithm:

Davidson’s algorithm is suitable for the symmetric sparse matrices. In a sparse
matrix, the diagonal terms are quite larger as compared to the off-diagonal matrix
elements. This method starts with a set of orthonormal vectors which are slowly

rotated in the space to minimize all the off-diagonal terms and finally results in
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all diagonal terms i.e., the eigenvalues. This algorithm has two parts: (i) the

Ritz-Galerkin approach and (ii) Jacobi orthogonal correction.

(i)

Ritz-Galerkin approach: In this step, V' = [Vi, V5, ....... , Vin] is the set of
orthonormal vectors with a dimension m of real space R. One looks for a
vector s so that it satisfies the Galerkin condition which tells about the term

(AV's — vVs) should be perpendicular to all the basis vectors i.e.,

(AVs —vVs) L Vi, Vo, o, Vi, (2.1)

This condition comes up with m number of solutions (v}, s;) for the sparse
matrix A. v; is called the Ritz value and V's; is the Ritz vector. The residual
vector r; can be defined once while looking for the smallest eigenvalue (say
m) as follows

’I“j = (AVmSj — l/ijSj), (22)

If r; is very large then it means that the symmetric matrix is not diagonalized

yet. In this case, a vector t is chosen in such a way it follows

(Dg — vt =1y, (2.3)

D, is the diagonal matrix of the sparse matrix A. t is orthonormalized
to the other basis vectors Vi, Vs, ....,V,, and added to the space R. This
immediately means that the new space has a dimension of (m + 1) with the

vectors (Vi, Vo, ..., Vi, Vina1)-

Jacobi orthogonal correction: The orthonormal vectors u; and ¢ holds the
condition

A(uj +1t) = Muj +t), whereu; L t, (2.4)

A is the eigenvalue of the matrix A corresponding eigenvector u; and it can

be obtained from the correction equation as follows

A= I/j -+ UjAt, (25)
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Once the eigenvalues are converged, the iteration is stopped.

Retrup’s algorithm is a modification of Davidson’s algorithm and it works well for
the non-symmetric matrix as well. This algorithm similarly starts with a smaller
space and iteratively goes for the larger vector space for a better convergence of
the desired eigenvalue and eigenvector. A detailed description of this method is

given in [134]

The computational cost goes as N H% for Davidson’s algorithm and as N7 for
Retrup’s algorithm. Njy is the dimension of the Hilbert’s space. Using these
methods, one can solve the matrix of dimension 107 x 10" on a normal desktop.
With this restriction, one can easily solve the spin-1/2 systems maximum up to
N = 24 by using the full Hilbert’s space and largest size N = 36 by applying the

symmetry operations.

Each of the systems in nature tries to stay in a stable state with minimum energy.
Due to this fact, the systems preserve some of the symmetries which reduces the
degrees of freedom of the system and takes it to the stable state. Despite that,
the ED can solve only small system sizes like N = 18 with symmetries at filling
and N = 36 for spin-1/2 system in the singlet sector. In many systems where the
correlation length is much larger than the correlation length the finite size effect
becomes a big problem to relate these results with the thermodynamic results. To
get rid of the finite size effect in the observable of the model Hamiltonian we need
to solve the Hamiltonian for larger system size. There are a few approximate meth-
ods like various types of quantum Monte Carlo (QMC) for non-frustrated systems,
renormalization-based methods like density matrix renormalization group method
(DMRG), Tensor network, etc. In this thesis, we discuss one of the most effi-
cient and accurate methods for low-dimensional interacting systems: the DMRG

method.
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2.2 Density Matrix Renormalisation Group

Method

We saw that in the strongly correlated many-body systems, the degrees of freedom
increase exponentially and a systematic approach to truncate the large degree of
freedom is needed to get accurate eigenstates of the model Hamiltonian. For this,
we choose the DMRG method which originates from the idea of renormalization
group (RG) and numerical renormalization group (RNG). The RG and RNG are
successful in solving the interacting impurity problem, but fail to give accurate
eigenstates of the many body correlated models like the Hubbard model, Heisen-
berg model, and other frustrated spin systems, whereas, the DMRG gives accurate
gs energy and wavefunction. We can also calculate the spin-spin correlation and
low-lying excitation of correlated low-dimensional systems. Recently this method
has also been used to solve the low-laying eigenvalue problem of correlated systems
on one, quasi-one dimensions, and two-dimensional systems. In this section, we

discuss the DMRG.

The DMRG works based on throwing out the irrelevant degrees of freedom and
renormalization of coupling or exchange interaction terms in a systematic manner.
The renormalization of the operators and Hamiltonian operators is done at every
step while growing the system. The renormalization procedure is followed by the
truncation of the irrelevant basis states of the density matrix. This method is state-
of-the-art for a one-dimensional correlated system, but truncation error grows in
the system as we increase the system’s dimension. The entanglement entropy of
the system follows the area law and it increases with the dimension of the system.
The DMRG calculations are done in two parts; first, infinite DMRG where the
system geometry is grown systematically and in the second part the wavefunction

of the state is optimized. Let us start with the infinite DMRG method.

In the method, we call the full system a superblock which is divided into four
parts: left block, left new site, right new site, and right block. In the first step, we

start a small system or superblock of size four sites each of these blocks and sites
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is of size one site, and the eigenvalue problem of the superblock is solved using the
ED method. In the next step, the superblock is divided into two parts; a system (
left block and left new site) and an environment (right new and right block). The
wavefunction of the superblock [¢) can be written as a tensor product of the basis

states of the system |i) and environment |j) as following
) = Cyli)li) (2.6)
2

The density matrix of the entire super-block can be written as p = [¢)(¢)|. The

matrix elements of the density matrix can be written as below
pi =Y CiChj (2.7)
k

, We now diagonalize the p to get the eigenvalues and eigenvectors and only the
largest eigenvalues and corresponding eigenvectors are retained and the rest of the
degree of freedom is thrown out. The retained eigenvectors form a reduced den-
sity matrix p/. If the density matrix has the dimension M x M (say) and only m
number of significant eigenvalues are considered then the dimension of the reduced
density matrix becomes M x m.

The re-normalization procedure follows the construction of the reduced density
matrix p/. Any operator O and Hamiltonian matrix H can be re-normalized re-
spectively to O = p'tOp, H = p/'Hp. Here, O is spin raising, lowering, S* oper-
ators, the Hamiltonian matrix, or any correlation function operators we want to

compute for a spin model Hamiltonian system.

We now form the superblock made up of left or right block and left new and right
new site. The new left and right blocks are of size two sites and new sites are of
size one site. We keep repeating the above procedure till it reaches the desired
system size. In the finite DMRG algorithm, we keep the system size the same
and keep repeating the renormalization procedure by increasing and decreasing
the left and right blocks and zipping the blocks back and forth to optimize the

wave function.
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FIGURE 2.1: Schematic for Infinite DMRG step. Each big square box repre-

sents each site and each of the rectangles represents a single block. The circles

represent the new site. The small square boxes represent the continuation of

many sites in the block. The blue color is used for the left block (system) and

left new sites. The green color is used for the right block (environment) and the

right new site. The red color rectangle represents a superblock divided into two
parts: system (i) and environment (j).

The pictorial depiction of infinite and finite of the DMRG algorithm for a spin-1,/2
chain geometry is shown below:

(i) Infinite DMRG

(a) Initial superblock formation: An initial superblock is formed with 4 sites as
shown in Fig. (a). The left block has one site and left new site. The left

block left new, right block, and right now all have one site each initially.

(b) Diagonalization of the Superblock Hamiltonian: The Hamiltonian of the su-

perblock of the 4 site is diagonalized to get the eigenvalues and eigenvectors.
(c) Density matrix: Density matrix p is obtained from the eigenvectors.

(d) Decomposition of the blocks: The wavefunction for the superblock is decom-

posed and written for two individual blocks.
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(e)

(f)

(2)

Addition of new sites to the blocks: One new site is added to each of the
blocks as shown in Fig. (b). The new sites are kept adding untill the

dimension of the density matrix becomes large.

Reduced density matrix: Once the dimension of the density matrix M be-
comes greater than the cut-off dimension m, the reduced density matrix p

is calculated and used in the next steps.

Infinite number of sites addition to the blocks: The reduced density matrix is
further used for the renormalization of the operators for the blocks and new

sites. This procedure is followed untill the desired system size is achieved.

The above schematic is shown for a 1-dimensional spin chain and it is clear that

the blocks are far apart. Although, the connections between the blocks do not

affect the wavefunction the addition of the new sites changes the shape of the

wavefunction once one keeps increasing the system size. This is why the wave-

function obtained in the infinite process may not be accurate enough and the finite

DMRG process is required.
(ii) Finite DMRG

(a)

Right sweep initialization: After the completion of the infinite step, the
wavefunction of the superblock has two equal blocks of half block length %
But during the sweep process, the superblock is divided into two unequal
blocks as shown in Fig . (b). For the right sweep, the right block is short by
one site from the half-block length, whereas the left block has one extra site

from the half-block length.

Right sweep untill the last site in the right block: In the next right sweep, the
right block is further decreased by one site whereas the left block is added
by one more site as shown in Fig. (c). This procedure is followed until it

reaches the minimum right block length.

Left sweep: Once the right sweep is done, the process is reversed. In the left

sweep, the new sites are now added to the right block and reduced to the
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FIGURE 2.2: Schematic for finite DMRG step. Each big square box represents

each site and each of the rectangles represents a single block. The circles repre-

sent the new site. The small square boxes represent the continuation of many

sites in the block. The blue color is used for the left block (system) and left

new sites. The green color is used for the right block (environment) and the

right new site. The red color rectangle represents a superblock divided into two
parts: system (i) and environment (j).
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left block. This sweep is followed until the left block reaches a minimum of

one site.

(d) Completion of the sweep: The new sites are added to the left block again

and the sweep goes on until two blocks become of equal length.

Usually,b — 7 sweeps are more than sufficient to get the accurate wavefunction
for the low-lying states for the chains. This method can also be used for various
geometries, and the accuracy of the result depends on the number of eigenvectors
kept in the renormalization procedure. There are many other specialized DMRG
algorithms to get more accurate results in quasi-one-dimensional systems like Y-
junction, ladders, Bethe lattice, etc. The thermodynamical properties can also
be calculated using the transfer matrix renormalization group (TMRG) approach.
Recent developments in the DMRG algorithm like the hybrid ED/DMRG method
have made it possible to get very low-temperature properties of these correlated

systems.

Unfortunately, the DMRG method gives excellent accuracy only for low-dimensional
correlated systems, but for two or three-dimensional correlated systems no numer-
ical or analytical method can give an accurate solution. Therefore, we explore the
machine learning approach to solve these many body systems. In the next section,
we explain supervised and unsupervised machine approaches and then focus on
the principle component analysis method which is generally used in unsupervised

machine learning.

2.3 Machine learning and principal component

analysis

In recent times, machine learning techniques have nowadays used extensively for
weather forecasting, pattern recognition, data analysis, etc. There are various cat-
egories of machine learning techniques such as supervised machine learning meth-

ods, unsupervised machine learning methods, and reinforcement machine learning
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methods, etc. In the supervised machine learning method, a set of data sets is
trained first, and then using the trained machine, other sets of new data sets are
predicted. For example, the temperature at different places in Delhi, Kolkata,
Mumbai, and Chennai are regularly noticed and trained to a system over the year.
In the next year, the trained data can be used for weather prediction accurately.
The online shopping platforms use supervised machine learning techniques ex-
tensively and customers’ data are used for initial guess for the algorithm. The
trained machine recommends the customers’ favorite products. In the reinforce-
ment learning method, the machine is trained every time to improve its accuracy
and this method is similar to the supervised machine learning method, but un-
like the supervised machine learning method, in this algorithm, the machine is
rewarded every time for its prediction. Based on the reward, the training gets
even more improvised. In the physical world, this method is still underutilized
because of its complicated and time-consuming process. Supervised ML works
when data follows the previous trend. Any new pattern can not be detected with
the supervised machine learning method and it again requires training. Whereas,
the unsupervised machine learning method can recognize the new pattern from
its input data set itself. Pattern recognition is very similar in the mathematical
world to finding the maxima, and minima of a curve or finding the best data set

with minimum or maximum variances.

Unsupervised machine learning methods are of different types. One of the most
significant varieties we discuss here is the dimensionality reduction method. The
reduction of the large dimension of a data set or the features to only a few without
losing the significant data is called the dimensionality reduction method. Principal
Component Analysis (PCA) is one of the promising unsupervised machine learning
techniques that is based on the dimensionality reduction process. Depending upon
the input feature, this method reads the input data set and helps in finding out the
most significant dimensions or a few directions which has the maximum variance.
These directions are known as principal component vectors or weight vectors. The

PCA can be described in the following steps
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(a)

Data Matrix Y: A large set of data is collected to form a data matrix Y.
Each of the features of a data set is put along each column in the data matrix
Y. The features might be length, height, weight, temperature, pressure, spin
magnetic moment. Whereas each row represents a sample data set. A large
set of samples are used for various tuning parameters. Let us assume that
the dimension of the feature is L and the number of samples is m for n set of
tuning parameters. So, the total length of the row is N = M x m. Usually,

m 1is lesser than N.

Data Centre Matrix X: PCA works well for the input data with linear
variations. To linearize the input features, each column of the data matrix
is written around the column mean. The column mean can be obtained as
pi =y, Yi,. Where, Yy, is the matrix element and i,k represents the row,
and column indices. Each element of the data-centred matrix X can be

written as X, = Yir — -

Co-variance Matrix C: The covariance matrix C can be written as
C=X"'X (2.8)

The X7 is the transpose of the data-centred matrix X. The dimension of the
covariance matrix is m x m. The diagonal terms of the covariance matrix can
be written as Cj; and these are called the variance, whereas, the off-diagonal
matrix elements can be written as Cj; which is called co-variance between

two axes ¢ and j.

Diagonlization of Co-variance Matrix C: One can understand that the co-
variance matrix of dimension L can be easily obtained starting from a large
data matrix Y of dimension N x m. The diagonalization of the covariance
matrix is quite feasible because it does not depend upon the size of the

sample N.

Weight Vectors of Co-variance Matrix C': The covariance matrix C gives

the L number of eigenvalues A and eigenvectors w. The eigenvector with
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the largest eigenvalue of C' represents the directions which has maximum
variance and can be called as first principal component vector or first com-
ponent weight vector. The eigenvector with the second largest eigenvalue is
called as second principal eigenvector or the second principal weight vector.
The other eigenvalues and eigenvectors can also be defined similarly. It is
noticed that only a few eigenvalues have the largest values and the rest of
the eigenvalues can be ignored. In other words, one can think that with the
help of only a few principal eigenvectors have the most significant variances

and so the complete data set can be understood in terms of these only.

Principal components of Co-variance Matrix C: The eigenvalues Aj, Ao, As, ....
and eigenvectors wy, wsy, w3, ... of the co-variance matrix are in rotated basis
(due to the diagonalization) and for complete understanding, the complete
data set Y should be projected along these principal eigenvectors or weight
vectors. The projections of the data matrix elements along these eigenvectors
are called principal components. The principal components can be written
as

Pn = Wy X YT (29)

The eigenvector w, and the transpose of the data matrix i.e., Y7 have the
dimension L x L and L x N respectively. p, is a column vector of dimension
N which contains N principal components corresponds to the n!" weight
vector. The principal components for various indices n can be plotted to
understand. The scatter plot of any two values of n can be plotted in a
2-dimensional plot which can give an idea about the overlap or correlation

among the data points.

Quantification of the principal components of Co-variance Matrix C: Some-
times, it is difficult to understand the overlap among the data and also
difficult to follow the change in the data set as a function of the tuning
parameters. To simplify, the principal components can be quantified accord-

ingly. If the sign of the principal components does not cancel each other,
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can be quantified easily by adding those as following

0= ") (2.10)
(pn); is each of the principal components of the column vector p,. g, is called

a ‘quantified principal component’.

2.4 Transfer Matrix Method

The transfer matrix method is a mathematical technique that is quite frequently
used in statistical mechanics to write the partition function in a simpler form.
This method is exact when the interaction term of one unit commutes with that
of the neighboring unit in the lattice system. One can calculate the average ther-
modynamic properties using the compact partition function of a unit cell of the
system. In this case, the partition function is nothing but the trace of the trans-
fer matrix for the entire system. In this thesis, we deal with some of the ladder
systems where the entire system can be divided into many geometrical units and

It is also noticed that their Hamiltonian commute to each other.

As shown in Fig. (a), the entire system consists of two types of sublattice units
A and B. It is shown that the geometrical units ¢ — 1, ¢, and ¢ + 1 are connected
via a dashed line. This dashed line means that each of these geometrical units is
connected in such a way that the Hamiltonians of these units commute to each

other. The commutation relations can be written as follows
[Hl,HQ] = [HQ,Hg] e [H’i—lyHi] = [HzaHH—l] == [Hn—laHn] (211)
The Hamiltonian of the entire system can be written as

H=> H, (2.12)
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FIGURE 2.3: (a) Schematic for a system with two sublattice units A and B

shown in red and blue colors respectively. (b) Schematic shown for a two-leg

ladder. the numbers 1, 2 represent the leg indices. A and B represent two types

of sublattices A and B. Each sublattice unit has two spins. The spins are shown
using red and blue circles.

The partition function for the entire system can be written as
Qn = Tr(e PH) = Tr(e PXif)Qy = [Tr(e PHi" (2.13)

Here, N is the system size and n is the number of geometrical units. 3 represents
the inverse temperature. From the above partition function, one can get the

thermodynamic quantities using the standard formula.

A two-leg spin-1/2 ladder system is described in Fig. (b) which is very similar to
Fig. (a). In this ladder system, each A and B are consisted of two spins shown in
circles. Although, blocks A and B are of two types, each of the geometrical units
are identical. For example, we consider a spin-1/2 ladder system with alternate
Ising-Heisenberg rung interactions. Let us assume that the red blocks represent
the spins connected by Heisenberg-type bonds and the blue blocks represent the
spins connected by the Ising-type interactions. The exchange interaction along
the leg is considered to be an Ising type so that the Hamiltonian of each of the

individual geometrical units commute. The above commutation relation can be
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followed for this ladder system as well. A spin-1/2 ladder is studied rigorously in
Chapters 5 and 6.



Chapter 3

Machine learning approach to
study quantum phase transitions
of a frustrated one dimensional

spin-1/2 system

3.1 Introduction

The study of quantum fluctuations and phase transitions is one of the most active
and frontier areas of condensed matter physics [7, 135-143], especially these stud-
ies are relevant and interesting in presence of many-body interactions [144-150].
These correlated model systems are important and relevant for modeling the real
materials and have exotic phases in the ground state (GS), but solving even the
simplest correlated model Hamiltonian is extremely difficult due to a large number
of coupled degrees of freedom [7, 137, 138]. The degrees of freedom of a fermionic
model system, like the one-band Hubbard model, increases as 4V, where N is the
number of sites [7, 137, 138]. In large electronic repulsion energy limit, the charge
degrees of freedom freeze, and in the half-filling limit, this model reduces to antifer-

romagnetic Heisenberg spin-1/2 model system where degrees of freedom increase

37
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as 2V [7, 137, 138]. Unfortunately, there are only a few models like one dimen-
sional (1D) regular Heisenberg spin-1/2 [30, 151] and Hubbard model [152, 153]
which can be solved exactly. In most of the cases, these models are solved by ap-
proximate analytical methods like mean-field [154, 155], bosonization theory [156],
renormalization group theory [157] etc or numerical methods like exact diagonal-
ization (ED) for small systems [158, 159], density matrix renormalization group
method (DMRG) [160-163] or quantum Monte Carlo (QMC) [164, 165] etc. Most
of these techniques have their limitations like the DMRG can be applied only to
low dimensional systems, and the QMC has sign problems [164] for frustrated spin
systems or fermionic systems away from half-filled limit. Therefore, it is desirable
to find an approach or method to determine the quantum phase boundary by
supplying only minimal information like solving a small system by using the ED
method or giving some information about a particle or spin configurations even in
the presence of sign problems of the QMC method [166]. Machine learning (ML) is
one of the most promising approaches to find solutions of complicated many-body

model Hamiltonian [167-174].

The ML is an indispensable tool to study various problems of different academic
and social domains and has been heavily used in image recognition [175-177],
social networking [178-180], advertising [181], finance [182], designing medicine
[183] etc. In science, biological physics [184, 185], high energy physics [186, 187]
and other disciplines used this tool for various purposes. In the preponderance of
information and real data, ML is an excellent tool to explore and quantify patterns.
There are two types of approaches in ML; supervised and unsupervised learning, in
supervised learning the algorithm is provided with any pre-assigned labels or scores
for training the data [167, 168, 171, 188-191], whereas the unsupervised learning
algorithm discovers naturally occurring pattern in training data sets [192, 193]. In
this manuscript, unsupervised learning will be our main focus to find the naturally

occurring pattern.

In a strongly correlated system, data are multivariate, highly correlated, and multi-
dimensional, but to discover the pattern in the data set, unsupervised learning first

reduces the dimensionality without losing the information of variance. Principal
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component analysis (PCA) is a method to reduce the dimensionality of a data set
consisting of a large number of interrelated variables without losing variation in
the given data set. The dimensionality reduction is achieved by transforming the
original data set to a new set of variables or the principal components (PCs) which
are uncorrelated and ordered so that the first few axes of the subspace retain most
of the variation present in the original variables [171, 194-196]. The PCA is one of
the most efficient tools to predict the thermal phase transitions in two-dimensional
(2D) spin systems like- phase transition in the classical Ising model and XY model

as a function of temperature 7" [197-199].

The PCA method works well to determine the thermal phase transitions in classi-
cal model systems [197-199] but it is still open for the quantum systems. However,
some of the works have been done in recent times using PCA for different Hamilto-
nians and under different limitations. Costa et. al. [174] show that PCA succeeds
in determining fermionic critical points at a finite temperature only when there
is no sign problem. PCA is also used in the Qi-Wu-Zhang (QWZ) model but it
fails in determining the transition lines due to the non-linear input data set [200].
Whereas, PCA of entanglement spectra successfully shows the cluster formation
by separating various phases [201]. The combination of PCA and t-distributed
stochastic neighboring ensemble (t-SNE) method is also used to observe the mag-
netic transition at finite temperature [202]. So, the determination of quantum
phase transitions (QPT) for the frustrated spin models using PCA is scant in
the literature. In this manuscript, we consider a 1D frustrated antiferromag-
netic Heisenberg spin-1/2 J; — J, model to explore the quantum phase transitions
(96, 99, 142, 148, 149, 203-205]. This model has nearest neighbor antiferromag-
netic spin exchange interaction J; and next nearest neighbor anti-ferromagnetic
interaction Jy. This is one of the simplest frustrated model systems irrespective
of the nature of J5 and one of the well-studied models [96, 99, 148, 203, 204] and
it is perfect to benchmark quantum phase transition with a new method. This
model shows a gapless spin liquid (GSL) phase below J5/J;=0.2411, where the
spin-spin correlation shows the quasi-long range ordering (QLRO) and a dimer

phase thereafter. A spiral phase sets in at Jy/J; &~ 0.55. The quantum phase
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transition from the GSL phase to the dimer phase is determined using level cross-
ing between the first excited state (FES) singlet and lowest triplet states in finite
systems or by calculating the singlet-triplet gap in the thermodynamic limit [96].
This model is known as the Majumdar-Ghosh (MG) model for J/J; = 0.5 and
has a doubly degenerate GS [142]. The GS of the MG model can be written as
the direct product of all dimers, and the lowest singlet-triplet gap of this model
is large [206, 207]. For 0.55 < Jo/J; < 2.27, this model exhibits a spiral phase
and in this phase, the GS is doubly degenerate only at specific values of Jy/J; for
finite size systems [205].

Interacting model systems are hard to solve due to exponentially increasing degrees
of freedom with system size. Therefore, various methods are used with their
limitations like ED for small systems, QMC [164, 165] for non-frustrated systems,
and DMRG [160-163] for low-dimensional systems. In our work, the main goal is
to use the PCA to find the QPT in the spin-1/2 J; — J; model using the most
probable spin configurations (MPSC). The MPSCs are used as input to the PCA
to find the principal components. We propose an approximate numerical method
where we start with an initial guess basis and then generate a new basis by acting
the Hamiltonian on the previous basis. We call this method an iterative variational
method (IVM). A detail of this method is given in section 3.2. The IVM can be
used efficiently to generate MPSC for larger system sizes. We show that MPSC
generated from the IVM can be used as input of PCA which is discussed in section
3.3. We explore the quantum phase transition and GS degeneracies in the J; — Js
model using PCA. We consider a few MPSCs in the GS and the FES as input of
the PCA for various values of J5/.J; and these MPSCs are obtained using ED. We
show that the MPSCs corresponding to the FES for a given value of Jy/.J; predict
the GSL to dimer phase transition faithfully. It also predicts the degeneracies in
the GS. It is amazing to see that only a few MPSCs with uniform weight can
predict phase transitions and all the degeneracies. To the best of our knowledge,
the combined IVM-PCA approach is used for the first time to predict the quantum
phase transition, and degeneracies using the MPSCs and it is shown to work for

Jl — JQ model.
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This manuscript is divided into five sections. In section 3.2, the model Hamiltonian
and methods are discussed, whereas in section 3.3 the PCA and its implementation
in this system are explained. The section 7.3 describes the results and has three
subsections. In the last section 6.5, our results are summarised and compared with

the results of the literature.

3.2 Model Hamiltonian and Methods

In this work, a frustrated Heisenberg antiferromagnetic spin-1/2 J; — J; model is
studied and in this model, spins are interacting with their nearest neighbor and
next nearest neighbor spins with exchange interactions J; and Js respectively. The

Hamiltonian of the system can be written as
H:legi‘giﬂ—i‘u]zzgi'giw (3.1)

where S; is the vector spin at site 7, the first and second terms of the Hamiltonian
represent the nearest and next nearest neighbor spin exchange interaction terms.
Both the exchange interactions J; and .J, are antiferromagnetic. In large Jo limit,
this interaction topology can be mapped to a Heisenberg model on a zigzag ge-
ometry or two spin chains coupled with each other through zigzag rung bonds

207].

In IVM, we use truncated Hilbert’s space (THS) of the system for each itera-
tion. Initially, we start with few guess configurations (@), [¢9), [¢9), [09)).
The superscript represents the step-index of iteration and the subscript is the
basis index in the THS. In J; — J; model, the GS is singlet in Jo = 0 limit
and the most trivial spin configurations will be [¢?) = | T/1] ....... 11)) and
169) = | I oo JTT). Whereas, in strong Jy limit, the other two configura-
tions can be |@#3) = | T4 oeeen M) and |@Y) = | LT e L11). Therefore,

we use these four initial configurations in 0 < J/J; < 1 limit.
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TABLE 3.1: ny(L) is the percentage of basis used for I*" iteration with system

size L. Aej(L) is the percentage error in the GS energy for the I*" iteration.

nl(16) A61(16> nl(20) Ael(20) 77,[(24) A61(24)
26.88 7.43 4.93 11.02 0.57 12.79
63.33 0.51 19.99 5.77 3.21 8.79
87.07  0.06 42.23  0.80 12.04 5.43
97.02 0.01 77.15  0.05 30.35  0.92
99.50 0.01 94.59 0.01 52.58 0.11

N O O =~ W =~

Starting from these initial configurations, a few new configurations are generated

by acting the Hamiltonian H in Eq.3.1 on the previous basis states as follows-

NS NpHS
STHIEY =) el (3.2)
k'=1 k=1

NS NTHS are a total number of basis or the dimension of the THS in the (I —
1)th [™h iterations respectively. hy are the coefficients of the new basis |¢}) for the
[*" iteration. This procedure is performed up to a few sufficiently finite iterations to
reach a sufficiently larger dimension of the THS and then the Hamiltonian matrix

is diagonalized to obtain the GS and the FES eigenvalues and eigenvectors. Then

we analyze the convergence of the GS energy, and the FES energy as a function of

N
Ngp

the iteration step [. The percentage of the basis used is defined as n; = 100 x
and the percentage error in energy is defined as Ae; = 100 x % Where, Ngp,
N, are the dimensions in the exact diagonalization method and IVM respectively.
Similarly, Fgp, and E; are the energies for the same set of methods respectively.
It is to be mentioned that for three system sizes L = 16,20, 24 the dimension of
total basis states in S* = 0 sector are Ngp = 12870, 167960, 2704156 respectively.
The exact GS energies are EFgp = —7.7666, —9.7446 and —11.8035 for these three

system sizes respectively for J, = 1.00.

We employ the method to the model in Eq.3.1 and diagonalize the Hamiltonian
matrix for different iterations I. We analyze the GS and the FES energy conver-
gence calculated from the method IVM. n; and Ae; for the GS are shown as a

function of the iteration step [ in Table 6.1 for J, = 1. We note that with the
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percentage of basis n; = 63%, 42% and 30%, the GS energy converges with per-
centage error Ae; less than 1% for the system sizes L = 16,20 and 24 respectively.
To achieve better convergence, the required number of iterations [ increases with
system size, however, the required percentage of basis n; reduces with L. We also
notice that for L = 28, n; is wa 20% for the 7" iteration, which implies n; is almost
linear with . We show in Fig. 3.1. (a), the GS and in Fig. 3.1. (b), the FES
energy as a function of J,/J; for system size L = 24 for the iterations [ = 5,6 and
7. In the case of [ = 5, both the GS and the FES energies are poorly converged
but these converge well with [ = 7 for L = 24. From the Table6.1 and the Fig.3.1,
we notice that in [ = L/4+ 1 iterations, energy convergence is higher than 99% in
the regime 0 < Jy/J; < 1. For the S* = 1 sector calculation, all the basis (|¢}),
189), |69), |¢3)) with flipped spins at each site are considered as the initial guess

basis.

The GS wavefunction |¢)y > and the FES wavefunction |¢; > are calculated. The

singlet-triplet (ST) gap can be written as
EST - E()(Sz - ].) - Eo(SZ — 0) (33)

where Fy(S* = 0) and Ey(S* = 1) are the lowest energy levels in S* = 0 and

1 sector i.e., the lowest energy level in the singlet and triplet sector respectively.

-0.32 -0.32

036 +-0.36
038 H-0.38 S
0.4 ~-0.4
042, 1042
-0.44 4 1.0.44

TR R R N R PR RN NN S N N
0 02 04 06 08 10 02 04 06 08 1
1, i3

FIGURE 3.1: (color online) (a) GS energy and (b) FES energy per site F/L as

a function of Jy/J; using IVM. All the figures are shown for the system size

L = 24. Black, red, and green colors are for the iterations [ = 5,6, and 7
respectively.
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The lowest singlet excitation F, can be written as
E, =E(S=0)— EyS=0) (3.4)

where E1(S = 0) and Ey(S = 0) are the lowest and the FES energies in total
spin S = 0 sector respectively. For all the calculations, we impose the periodic
boundary condition in the spin chain, and the IVM is performed for three different
system sizes L = 16,20, and 24. All the calculations are obtained for the wider
regime of Jy/J; from 0 to 1 in steps of 0.01.

3.3 Principal Component Analysis

In the PCA method, correlated data or features in a basis are rotated to a new basis
which is a linear combination of the original basis while preserving all variation in
the data [194, 195]. In the new rotated basis, most of the variations in data are
confined to only a few dimensions and other dimensions are irrelevant. For the
determination of these important dimensions, we need the co-variance matrix of

data sets of measurement. The covariance matrix Cr can be defined as
Cr=XX" (3.5)

where X is a set of measurements with zero empirical means and it is a rectangular
matrix. X7 is transpose of X. We construct a data matrix Y from which one can
get the data-centered matrix X. Each row of Y represents all measurements of
a particular type, whereas the column represents a set of measurements from one
particular trial. In this case, ¥ have L dimensional features and Ny, ;, = M xm
dimensional samples. Where m is the number of configurations for each J/.J;
and M is the number of equally spaced sets of Jy/J; for 0 < Jy/J; < 1. The
data-centered matrix X is formed by calculating the deviation of the components
at each site of Y. For each site ¢ its mean p; is calculated by taking an average

N,

over all samples and it is defined by u; = NJI/J Zkfl/ 1 Y k. The deviation of the
2 1
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spin component for the £ sample at i'* site can be written as Xiw = Yip — -

We write down the matrix elements of the covariance matrix as

Nygya

Cr(i,j) = Z Xz',kaT,j- (3.6)
|

X} ; is the transpose of X .

In thermal phase transition calculations, spin configuration at a particular tem-
perature is a snapshot of a Monte-Carlo step [197-199]. To study the quantum
phase transition, our first goal is to form the data matrix Y. In quantum phase

transition, we deal with the wave function it is defined as

) =) Culdw) (3.7)

k=1
where |¢p) = | 14T ...) is an arbitrary spin configuration. The configurations
|¢r) are represented in S* basis and each configuration has information of S*
component of each site and it can take the values either of £0.5. C} is amplitude
and C?, is the probability or weight factor of |¢;/) in the wave function as shown
in Eq. 3.7. We consider only a few MPSCs with larger relative weights, which are

defined by
C?
- Maz[C},...,C%,]

Vi (3.8)

Ny is the dimension of the truncated Hilbert’s space using IVM with Ae; <
1%. The largest value of 7 is unity and subsequent relative weight decreases as
probability decreases. In our present study, we consider first m fixed number of
most probable spin configuration |¢) for each value of .J,/J; and now L x Ny, ,
dimensional matrix X is constructed. For a system size L, Cr have dimension of
L x L and there are L eigenvalues [\1, ..., A\r] and its corresponding eigen vectors

or weight vectors [wy, ..., wr ] after diagonalisation. In general, one can write,

XXTw, = A\, wy (3.9)



Chapter 5. 46

where, each eigenvector w, is a column vector with L rows. The variance of the
data set for various Jy/.J; is maximum corresponds to the largest eigenvalue \
and it is second maximum for the second largest eigenvalue Ay and so on. Using
such dimensionality reduction procedure, we find only a few large eigenvalues and
corresponding eigenvectors are important to accommodate most of the variation

in the original data sets.

By projecting the original data along n'" eigenvector w,,, we get Ny,,; number of
principal components. The n'* principal component p,(J>/J1, k) corresponds to

the k' sample can be obtained by
Pu(Jo/ J1, k) = wlY (k) (3.10)

here, Y (k) is the k' sample with L entries of the data matrix Y. w! is the trans-
pose of the eigenvector w,. The n'* ‘quantified principal component’ is calculated
by summing the absolute value of the principal components over the samples (m)

for a particular value of J,/J; [197].

pu(Ja) ) =D pa(Ja/ 1, k)| (3.11)
k=1

In this manuscript, we focus on the PCA of the GS and the FES for different
Jo/Ji and calculate the eigenvalues and the corresponding eigenvectors of the
covariance matrix C'r. We calculate principal components corresponding to the
largest eigenvalues. We note that in our study, the first eigenvalue is the largest
as compared to the others and so the ‘quantified principal component’ p;(Jo/J7)
can determine the phase transition, and our calculations also suggest that the
principal components of the FES are more important in determining the quantum

phase transition.
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3.4 Results

In this section, we first discuss the quantum phase transition and phase boundary
of the J; — J; model in the literature, and thereafter, we apply an unsupervised
machine learning method to evaluate the quantum phase boundary and degen-
eracies in this model. The quantum phase transitions of the J; — J, model for a
spin-1/2 have been extensively studied by using different analytical and numerical
techniques [96, 203, 204]. In small Jy/J; limit, the GS exhibits the GSL phase
which is characterized by algebraic decay of spin correlation function and gapless
spectrum [206-208]. This phase extends up to Jo/J;=0.2411, and thereafter, a
gapped phase sets in the GS, and spin correlations are short range or exponen-
tially decaying [206—208]. In this phase, the system shows dimerized GS and finite
Esr. Esr and the nature of the spin correlation function can be used to determine
the phase boundary in the thermodynamic limit [96, 99, 204]. In a finite system,
the crossover point of the FES of the singlet and the lowest state of the triplet is
the phase boundary of the GSL and the dimer phase [96].

Now let us apply an unsupervised machine learning technique PCA to determine
the phase boundary and signature of degeneracies in the GS. We pointed out in
section 3.3 that the eigenvalues and the eigenvectors of Cr are important to decide
the rotation of the basis along which the maximum of the variation is preserved.
Only a few largest eigenvalues and their eigenvectors are important to determine
relevant principal components. In the rotated basis, n'* principal component cor-
responds to the k" sample p,(Jo/J1, k) can be obtained from Eq. 3.10 and the
‘quantified principal component’ p,(J2/J;) from Eq. 3.11. We calculate the ‘quan-
tified principal component’ p;(Jy/J;) of the GS and the FES in S* = 0 sector to
characterize the phase boundary of this model. The data centered-matrix X is

calculated using the MPSC approach as described in section 3.3.

The eigenvalues of C'r are analyzed and the effect of MPSC m and the effect of
finite size L on principal components is studied in detail. The phase boundary

and the degeneracies are studied with the help of ‘quantified principal component’
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p1(J2/J1) corresponding to the largest eigenvalue A;. In all our calculations, we

have taken M = 100 sets of J/J; in the range 0 < J/J; < 1 with step 0.01.

3.4.1 Effect of L and m on )\,

For the finite-size system study, the finite-size effect is important to see and so is
its applicability in the thermodynamic limit. In this section, we first discuss the
finite size scaling and its impact on the principal components. The eigenvalues A,
of the covariance matrix for the GS and the FES are shown in Fig. 3.2 for three
different system sizes L = 16, 20 and 24 for m = 25. For fixed m = 25, A\, of
the GS and FES decrease rapidly as shown in Fig. 3.2(a) and 3.2(b) respectively.
In both cases, the first eigenvalue is dominating over others and increases with

system size for both GS and FES. Therefore, we choose the first eigenvalue and
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FIGURE 3.2: (color online) Finite size effect on ‘quantified principal component’

p1(J2/J1) is shown for m = 25. Eigenvalues of the co-variance matrix are shown

for (a) the GS and (b) the FES. ‘quantified principal component’ p;(J2/J1) are

shown for (c) the GS and (d) the FES. Black, red, and green colors represent
different system sizes L = 16, 20, and 24 respectively.
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its corresponding ‘quantified principal component’ p;(J2/J1). In Fig. 3.2(c) and
3.2(d), we plot py(Jo/J;) for the GS and the FES respectively as a function of .J/.J;
for three different system sizes L. We observe p;(J>/J1) is constant and suddenly
drops at J/J; = 0.5 (MG point) for GS. However, for the FES, we notice a drop
at Jo/Jp = 0.241 and thereafter it is constant up to Jy/J; = 0.5 for all values of
L. The first jump in the p;(Jo/J;) of the GS is due to degeneracy in the state at
Jo/J1 = 0.5, whereas p;(Jo/J;) of FES has first degeneracy at 0.241 due to energy
level crossing and second jump may be the consequence of degeneracies. We also
notice a few more in between 0.5 < J,/J; < 1.0. In GS, the jumps are observed
for 0.55 < Jy/J; < 1.0 for the system sizes L = 16, and 24 respectively. However,
in the case of the FES, we notice two jumps for all the system sizes. The values
of p1(J2/J1) below Jo/J; < 0.5 increases with L, whereas it decreases with L for
Jo/J1 > 0.5. The principal component of the GS has the first jump at Jo/J; = 0.5
due to the GS degeneracy, whereas the principal component of the FES attains
the first jump near J,/J; = 0.241 due to energy level crossing, and the second
jump at Jy/J; = 0.5 due to the degeneracy. The other jumps above Jy/J; > 0.5
are due to the incommensurate behavior. These results are compared with energy

level crossing in Sec.3.4.2.

The number of MPSC plays a crucial role in giving the accurate wave function and
so it is necessary to study the dependence of the number of significant MPSC m
on the principal components. Now we analyze the dependence of A, and p;(J2/J;)
on the number of samples m for both the GS and the FES. Four different values
m = 10, 25, 50 and 100 are considered as shown in Fig. 3.3 for L = 24. \, and their
variation in both the GS and FES decreases with m as shown in Fig. 3.3(a) and
3.3(b) respectively. MPSCs are governed by the Hamiltonian, and increasing the m
increases the chance of inclusion of even less probable configurations which hardly
contributes to the phase transition. Only the first ‘quantified principal component’
p1(J2/J1) is important in both the GS and the FES. In Fig. 3.3(c) and 3.3(d),
p1(J2/J1) as a function of Jy/J; is plotted for the GS and FES respectively for

four values of m. The expected jumps and fluctuations in p;(Jo/J;) get suppressed
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FIGURE 3.3: (color online) PCA dependence on MPSC (m) taken for the data

matrix for L = 24 is shown. Eigenvalues of the co-variance matrix are shown

for (a) the GS and (b) the FES and ‘quantified principal component’ p;(J2/J1)

are shown for (c) the GS and (d) the FES. Red, blue, orange, and indigo colors
correspond to m = 10, 25, 50, and 100 respectively.
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with increasing m, but their nature is quite similar for all values of m. We present

all the results for m = 25 hereafter.

3.4.2 Principal components and quantum phase transition

In this work, we are dealing with the finite system size L = 24, therefore let us try
to compare the p;(Jo/J;) curve with Egr — E, curve as a function of Jy/J;. In
Fig. 3.4(a), Esr — E, curve is plotted as a function of Jy/.J;, there is a crossing
of Esr and E, curve at Jo/J; ~ 0.241 and this crossing indicates the GSL-Dimer
phase boundary for L = 24. At Jy/J; = 0.5 or MG point and 0.55, 0.62, 0.755, the
E, is zero i.e., the ground state is doubly degenerate as shown in Fig. 3.4(a). The
degeneracies are marked with circles. In Fig. 3.4(b), p1(Jo/J1) vs Jo/J; for the
GS, exhibits a large jump at J,/J; = 0.5 and kinks at 0.52, 0.745, however, near
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to the MG point, fluctuations in p;(Jo/J;) curve indicate degeneracies or nearly
degenerate states. The GS p;(J2/J;) does not show any kink near 0.62. The
p1(J2/J1) of the FES vs Jy/J; exhibits a large jump at Jo/J; ~ 0.241, jump at
MG point and kinks at J,/J; = 0.52, 0.63, 0.745. It is well known that degeneracies
at 0.55, 0.62, and 0.755 are due to incommensurate phases i.e., two singlet states
become degenerate at these points [205]. Therefore, we can conclude that by
studying the ‘quantified principal component’ p;(J2/.J;) of the GS and FES, one
can extract the degeneracies in the GS, however, analysis of the p;(J3/J;) of the
FES can reliably give phase boundary of the GSL-dimer phase transition and these

results are consistent with results in the literature [96, 205-207].

<
(@»)
(o @)
)
AP
)
p—
o
(@»)
on
l,?—_(b)
—~
—
_—
:Nln.'_ GS
- L
a [
ot
S FES o
o . | . | Yeosees :

0.2 0.4 0.6 08
i

FIGURE 3.4: (color online) For L = 24 (a) Energy gaps vs Jo/Jj is plotted.
The black curve is the first excited state energy gap (E,) defined in Eq. 3.4 and
the red curve is the lowest triplet gap (Egr) defined in Eq. 3.3. (b) ‘quantified
principal component’ p;(J2/J1) is shown as a function of J/J;. Black and red
curves represent pi(J2/J1) calculated from the GS and the FES respectively.
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FIGURE 3.5: (color online) For L = 24, m = 50: (a) eigen vectors wy and
wo corresponding to largest and second largest eigenvalues of Cp are plotted
as a function of site n. (b) Scatter plot of pi(Ja/J1) vs pa(Ja/J1) for the
limit 0.1 < J2/J; < 0.5. The color bands B1 (sky blue) and B2 (maroon) are
separated at Jy/J1 ~ 0.241. (c) Scatter plot of pi(Ja/J1) vs pa(Jo/J1) for the
limit 0.5 < J»/J; < 1.0. The color bands B3 (blue), B4 (green) are separated
around Jo/J; = 0.63 and B4, B5 (maroon) are separated at Jo/J; = 0.745.

3.4.3 Principal components and eigenvectors of Cp

For a more detailed understanding of the QPTs, we discuss the principal compo-
nents and eigenvectors of the covariance matrix Cr in this section. The elements of
the covariance matrix can be assumed to be the product of the z component of the
spin densities at two sites which is averaged over the parameter and configuration
space as described in Eq.3.6. Similarly, the n'" eigenvector of the matrix can be
mapped as w,, = Zle wy,;|b7). Here, |b7) may be thought as the z component of
spin density basis at site i and w,; may be mapped as the amplitude of average
density at site i corresponds to n'* eigenvalue ), of the covariance matrix. From
the previous discussion, it is noticed that the FES is sufficient to give all the phase
transitions in the regime 0 < Jy/J; < 1. The covariance matrix Cy is calculated
from the FES wave function for 0 < Jy/J; < 1 and first two eigenvalues \; and
A2 of Cp have significantly larger variances as compared to the other eigenvalues.
The eigenvectors w; and wy corresponding to A\; and A, are plotted in Fig. 3.5(a),
and we notice that w; is a periodic function with pitch angle m where wy is a

periodic function with pitch angle 7/6. The 7 phase difference in w; corresponds
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to the antiferromagnetic arrangement of spin density, whereas, the arrangement
is spiral in nature for w, which corresponds to spiral spin density behavior. Now,
p1(Ja/J1, k) and pa(Jo/Jq, k) can be constructed by rotating the original Y by these
two weight vectors w; and wy by using expression Eq. 3.10. The scatter color plot
of p1(Jo/J1, k) and ps(Jo/J1, k) is shown in Fig. 3.5 (b) and 3.5(c), and the color
intensity bar indicates the strength of Jy/.J;. The pi(J2/J1, k) and pa(Jo/ J1, k) are
plotted for 0.1 < Jy/J; < 0.5 in Fig. 3.5(b), which form two kinds of bands B1 and
B2. The principal components form band B1 in the range 0.1 < J5/J; < 0.241 and
this band is located at p;(J2/J1, k) =~ £2.0. For 0.241 < J,/J; < 0.5, principal
components form the B2 band around p;(J2/Ji1, k) = 0, and a clear separation of
data can be seen around J5/J; = 0.241. Both the bands B1, B2 are more spread
along p1(J2/J1,k) with larger value than po(J2/J1, k), which favours the anti-
ferromagnetic spin arrangement. With a larger value, +2 of p;(J2/J1, k) and thin
band formation B1 designates the QLRO phase. Whereas, the band B2 shows
more distribution of p;(J2/J1,k) and this process takes into the dimer gapped

phase regime.

In Fig. 3.5(c), the scatter plot is shown for 0.5 < Jy/J; < 1, and the principal
components form three color bands. These bands B3, B4, B5 correspond to the
limits 0.5 < Jy/J; < 0.63, 0.63 < Jy/J; < 0.745 and 0.745 < Jy/J; < 1.0
respectively. These bands correspond to different pitch angles in the system in the
spiral phase. The band B3 are located at p;(Jo/J1, k) =~ £0.4 and represented with
blue color, B4 is symmetrically located at |pi(Ja/J1, k)| = 0 and |pi(Jo/J1, k)| =~
0.4. The major fraction of the components of B4 reside at [pi(Jo/J1, k)] ~ 0
rather |p;(Jo/J1, k)| =~ 0.4 and so the average of it gives finite but near equal to
zero value of |py(Jo/J1, k)| as shown in Fig. 3.4(b). The band B5 is located along
Ip1(Ja/J1, k)| = 0 and it gives the average |p1(J2/J1,k)] = 0 as shown in Fig.
3.4(b). The larger value of py(Jo/J1, k) as compared to py(J2/J1, k) signifies that
the second principal component is dominating for the bands B3, B4, and B5. In
other words, these bands support the spiral behavior more and represent the spiral

regime.
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3.5 Summary

The main focus of the manuscript is an application of the unsupervised ML using
the PCA method to study the quantum phases of the J; — J; model in Eq.3.1. We
also developed an approximate method IVM which requires a very small number of
basis states to get the accurate GS energy. For L = 16,20, 24, only 63%, 42% and
32% of full basis is required to get the accuracy up to 99% of the exact energy. We
note that the percentage of basis required decreases with system size. Therefore,
the computational cost of eigenvalue and eigenvector calculation increases only

with V %, where N is the number of the required basis for accurate calculation.

We show that the nature of the ‘quantified principal component’ p;(J2/.J;) weakly
depends on the variation of m and the sensitivity is shown for m = 10, 25, 50,
and 100 in Fig. 3.3. The nature of p;(Jy/J;) of the FES also does not change
with system size and its variation at the boundary gets enhanced with increasing
L. The jumps and kinks in p;(J2/J1) can give an accurate determination of phase
boundary and degeneracies in the GS. The PCA of the GS can predict some of
the degeneracies in the GS. However, p;(Jy/J;) of the FES exhibits jumps at
Jo/J1 = 0.241 and this jump represents the GSL-dimer phase boundary and this
phase boundary is consistent with calculation on Egr in the thermodynamic limit
[203] and using level crossing method for finite system size [96]. In this method,
we require only a few MPSCs for a given value of 5—? to study the quantum phase
transitions of the J; — Jy model. The MPSC is calculated for both the GS and the
FES of this model and shows that this approach works very well for the frustrated
1D J; — J3 spin-1/2 model and it gives accurate phase boundary, whereas other
methods like quantum Monte-Carlo fail to determine the quantum phase boundary
for frustrated or away from the half-filled fermionic system due to sign problem.
This method requires only small numbers of MPSC from the FES to calculate the
‘quantified principal component’ p;(J2/.J;) which shows kink or jump at the phase
transition points. The kinks at J5/J; = 0.52,0.63,0.745 for L = 24 represent the

degeneracies in the GS and these are consistent with literature [205].
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PCA study needs two states- the GS and the FES to calculate but only the FES
is sufficient for the small system sizes to analyze the quantum phase transition
as compared to the level crossing study where, three states- the GS, fit excited
state and lowest triplet state calculations are required. In conclusion, a combined
method of IVM and unsupervised machine learning method PCA gives reliable
phase boundaries of frustrated spin-1/2 J; — Jo models, and this method may be
an alternative tool to explore the quantum phase transition in other frustrated

systems.



Chapter 4

Quantum phase transition of a
spin-1/2 XXZ model using

Principal component analysis

4.1 Introduction

In the spin model systems, anisotropy in the exchange interaction is an important
parameter that may be tuned to get many exotic phases. The XXZ7 Heisenberg
spin model is one of the simplest spin model systems with two types of exchange
interactions: z-component of exchange A and J along x or y direction [103, 209].
The A/J is a tuning parameter that leads to various exotic quantum phases in the
ground state of this model. In the different limit of the exchange A parameter, this
model turns into XY model for A < 1, isotropic Heisenberg model for A = 1, and
Ising model for A — oo [104]. The spin-1/2 isotropic Heisenberg model possesses
the SU(2) symmetry, whereas, the spin-1/2 XY model favors the planar ordering
which follows O(2) ordering [210, 211]. In the spin-1/2 XXZ model with A > 1,
the system has U(1) symmetry in the absence of the magnetic field [210, 211]. For
A — o0, it turns out to be the Ising model with protected Z5 symmetry [|. The
XXZ model can be tuned from Ising to XY model and the ground state of the
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system adiabatically undergoes the symmetry change from 0(2) to U(1) by A from
0 to oco. The quantum phase transition from the XY to the Ising phase is of infinite
order and it takes place at A = 1 [103, 104, 212]. This type of phase transition
is called the Kosterlitz Thouless (KT) transition [213]. The KT transition is well
studied in the case of the classical XXZ model for two or higher dimensions i.e.,
d > 2 []. The one-dimensional (1D) quantum spin-1/2 XXZ model is equivalent to
the two-dimensional classical XXZ model [126, 214]. However, the exact ground
state of the quantum 1D model Hamiltonian is quite different from that of the
classical two-dimensional model system and the KT transition point is still under

debate.

There has been an enormous amount of studies on the spin-1/2 XXZ model with
the nearest neighbor exchange interaction and A as a tuning parameter. For
a one-dimensional lattice, this model exhibits doubly degenerate FM GS with
protected reflection symmetry (5% — —S*) A < —1[103, 211]. The critical regime
(CR) or the XY phase emerges in the ground state for —1 < A < 1 [103, 109],
and the spectrum is gapless in this parameter regime. In the thermodynamic
limit for A > 1, the system exhibits the antiferromagnetic phase with quasi-long
range ordering [215]. The transition from the highly degenerate CR phase to the
antiferromagnetic phase is reported as an infinite-order KT transition [215]. . [102]
et al. report by studying up to the system size L = 100 that the finite size effect

of the critical value for KT transition parameter Agr resides between 1 and 1.4.

The many-body nature of this model makes the exact solution of this model in-
tractable. Many approximate but highly accurate numerical methods are employed
to study this model on various geometries, but ground state properties are still

under debate [].

In this work, we study the quantum spin-1/2 anisotropic XXZ model Hamiltonian
on a chain and determine the phase boundaries. We show that by proper choice
of the spin configurations as inputs to the unsupervised machine learning method
PCA, the FM-XY and KT transitions can be captured and analyzed successfully

in terms of the principal components.
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4.2 Model Hamiltonian of the spin-1/2 XXZ

model and KT transition

The Hamiltonian for the spin-1/2 XXZ model on the one-dimensional lattice can

be written as
H = JZ(Sf T T SYSYL +ASPSE ), (4.1)

where J is the exchange coupling strength and A is the axial anisotropy parameter.
Sz, S¥, SY are three spin components along x, y, and z directions respectively at
site 7. This model Hamiltonian can be written alternatively in terms of the spin

operators as
1 - - z z
H=) o(5585+ 878k +A) Sisi, (4.2)

J sets the energy scale and it is chosen to be 1. The ST, and S~ are the raising
and lowering operators respectively which can be written as ST = S% +4SY and

S™ = 5% —15Y respectively.

In the thermodynamic limit, the ground-state of this model Hamiltonian undergoes
two phase transitions while tuning the axial anisotropy parameter A as pointed
out earlier. The ferromagnetic (FM) to XY phase transition takes place at A = —1
and this quantum critical point is independent of the finite-size effect. The axial
component of magnetization is an order parameter for this phase and it can be
defined as m* = £ 3>°..57. The sharp jump of the order parameter from unity to
zero is a clear indication of a first-order phase transition. The next phase transition
for this model Hamiltonian takes place for A > 1 (for the thermodynamic limit)
where the system goes from the XY phase to the antiferromagnetic phase. The
most striking key here is that this critical point is sensitive to system size L and
the order of the phase transition is infinite and can be described in terms of the

theory of KT transition.
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The order parameter in the antiferromagnetic phase is staggered magnetization
which can be defined as mZ = 1 %,(—1)’S7. This order parameter is finite in
the AFM phase whereas it decays out and vanishes in the XY phase [|. The m
value for the XY phase varies from 0 to 1 by breaking the continuous symmetry;,
this phase transition is special due to continuous broken symmetry in the system.
The m? changes adiabatically to the maximum which is 1 while tuning the axial
anisotropy A. This is due to the protected U(1) or circular symmetry in the XY
phase which is ruined by the transverse fluctuation J in the above Hamiltonian
4.2. This phase transition description is in good agreement with the KT transi-
tion [101]. Although the KT transition was first proposed for the XY phase in a
2-dimensional classical system, one may wonder if it violates the well-established
Mermin-Wagner theory. But it should also be noted that the 1-dimensional X X 7
model can be mapped to its classical analogous model of 2-dimension. The an-
tiferromagnetic phase for A > 1 is a superposition of the antiferromagnetically

aligned spin configurations.

We focus on detecting the quantum critical points A = —1,1 using the unsuper-
vised machine learning method principal component analysis (PCA). Before going

to the result section, let us discuss the data preparation.

4.3 Data matrix preparation

The Principal Component Analysis (PCA) works on the principle of finding out
the distinguishable patterns from a given data set, and this method calculates
the variances among the data for a given data matrix. The maximum variance
directions are found by forming a covariance matrix C7 as discussed in Chapter 2.
The C7 is formed as CT = XT X, where X is a data-centred matrix of the initial
data matrix Y and X7 is the transpose matrix of X. The X can be obtained by
subtracting each column of Y from its column mean as discussed in Chapter 2.
The eigenvectors corresponding to the first few of the eigenvalues of C” represent

the eigenvectors or the weight vectors of the covariance matrix. The projection
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of the initial data set towards these eigenvectors gives the first few principal or
major components. The eigenvalues, eigenvectors are usually written as Aj, Ao, ...
and wy, we, ... respectively [216]. The principal components are generally written

as p1, pa, ... etc.

The quantum phase transition between XY and the antiferromagnetic phase in
the spin-1/2 XXZ model by tuning A is an adiabatic process, therefore, only the
spin configurations would not be sufficient information for PCA unlike in J; — Jy
as done in Chapter 5 [216]. For this model, the spin configurations in the limit of
0 < A < 1, the coefficients, or the weights of these configurations of the approxi-
mate wavefunction in the ground state of the Hamiltonian are also used for data
preparation. We know that each of the wavefunctions is a linear combination of
all the spin configurations in Hilbert’s space whereas the same wavefunction can
be approximately written as a linear combination of only a few of the contributing
configurations which in this case we call to be MPSC. The other configurations are
ignored because it is assumed that corresponding to these, the similar kind of con-
figurations for the thermodynamic limit goes to zero. These MPSCs are obtained
using an iterative variational method (IVM). The weight of the coefficients is de-
fined as the square of each of the configurations after diagonalization using IVM.
The spin configurations multiplied by the weight are arranged along each row of
the data matrix. Each column element of the data matrix is the z-component of
spin at each site of the system. The further procedure is followed similarly as it is

done in the case of the J; — J model in [216].

4.4 Results

In this section, we first benchmark the phase boundaries by showing the energy
gap AFE and its finite-size scaling behavior. Thereafter, we show how the principal

components can determine these phase boundaries accurately.
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FIGURE 4.1: (color online) (a) Energy AE is shown as a function of the axial
anisotropy A for the system sizes L = 16,20,24. (b) The rescaled energy gap
AFEL is shown as a function of A for the same set of system sizes L = 16, 20, 24.

4.4.1 Energy gap as a function of A

In Fig.4.1. (a), we show the energy gap Ey,, between the first excited state and
ground state in the S* = 0 sector as a function of the axial anisotropy parameter
A. The energy gap is calculated using the exact diagonalization method. It is
noticed that for three different system sizes L = 16,20,24. the gap in Fig.4.1.(a)
is zero below A = —1. The vanishing gap in the S* = 0 sector is a signature of
the degeneracy in the system. This is well known because of the ferromagnetic
ground state. However, our main focus is to identify the KT transition point
around A = 1. We show the energy gap to identify the KT point by varying A for
the limit 0 < A < 3. Fig.4.1. (a) shows that for all system sizes L = 16,20, 24,
the gap AF initially increases to reach a maxima at A = 0 and then it starts
decreasing thereafter. It is also noticed that the gap decreases with system size for

this parameter range. The continuous variation in the gap supports the critical
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FIGURE 4.2: (color online) (a) Eigenvalues of the covariance matrix are shown
as a function of the component index n. Red, blue, brown, and indigo colors
are for system sizes L = 16,20, 24, and28 respectively. Two eigenvectors (b.1)
wy and (b.2) wg of the covariance matrix for the system sizes L = 16, 20, 24, 28

are shown.

ordering in the XY phase which adiabatically goes to zero for higher A. So, the

gap calculation for the finite system sizes is inadequate to characterize the phase

boundary. In Fig.4.1. (b), we show the finite size scaling of the energy gap by

multiplying the system size L. It is found that AFEL for different system sizes

crosses around a critical point.

This critical point is A = 1.1 for L = 16,20

and 1.08 for L = 20,24. The trend seems to be converged around A = 1.0 for the

thermodynamic limit. These crossover points separate all the AEL in two regimes

with different behavior. All of the AFL curves overlap below the critical point

and spread out above it. This critical point represents the boundary between the

infinite order XY phase and the antiferromagnetic phase.
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4.4.2 Eigenvalues and eigenvectors of the covariance ma-

trix

The diagonalization of a L x L dimensional covariance matrix for the system
size L gives the eigenvalues A, Ao, ...., A\, and eigenvectors wy, ws, ..., wr. The
eigenvalues Ai, Ao, ...., Ap, in decreasing order are the measurement of the variances,
whereas, the corresponding eigenvectors wy, ws, ..., wy, are in various directions. It
is to be mentioned that each of the elements in the covariance matrix is the z-
component of spin at each site for the spin configurations chosen in the data
set, each element of wq, ws, ..., wy, represents the z-component of spin at each site
along these eigenvectors. The constant value of w; implies the direction of the
eigenvector to be a direct sum of the data elements at each site. The staggered

pattern of wy corresponds to the staggered sum of the spin configurations.

Fig.4.2. (a) represents the eigenvalues of the covariance matrix for four different
system sizes L = 16,20,24,28. For all the system sizes, the covariance matrix
has only two larger eigenvalues namely A\; and A\, which are significant. The
eigenvectors wy, wy corresponding to the first two eigenvalues A;, Ay are shown in
Fig.4.2.(b).1 and Fig.4.2.(b).2 respectively. The w; is always constant for all the
system sizes and it represents the ferromagnetic spin arrangement. It is noticed
that the amplitude of w; can be written as \/LZ The wy shows a staggered pattern

that supports the antiferromagnetic spin arrangement, where the amplitude of the

vectors can be written as

=

4.4.3 Principal components

The principal components can be obtained by projecting all the data elements of
Y along the eigenvectors. All the principal components for the n'® eigenvector can
be written as

pc, = wlY, (4.3)

n
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FIGURE 4.3: (color online)

w? is the transpose of the eigenvector w,.pc, is a 1 x M dimensional column vector
corresponds to the n'* eigenvalue A, and eigenvector w,. M = m x N rows of
pc, represent the projection of each of the configurations in the data set along w,,.
These principal components with m configurations for NV sets of tuning parameter

A can be quantified as

pa(A) = % > pen, (4.4)

pn(A) is called the n'* ‘quantified principal component’. % gives the per-site

measurement.

Since, the first two eigenvalues A;, Ay are significant in this work, we calculate the
first two principal components p;(A) and p2(A). In Fig. 4.3.(a), pi1(A) and pa(A)
are shown as a function of the tuning parameter A in the range —2 < A < 5 with
a spacing 0.1 for the system sizes L = 16,20,24,28. The spin configurations m
for each A are taken to be 1000 always. The p;(A) is a projection along the first
eigenvector i.e., the scalar measurement of the ferromagnetic spin arrangement

shows a jump at A = —1. This jump is consistent with the energy gap AFE
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in Fig.4.1. (a) which is the phase boundary between the ferromagnetic and XY
phases. The second ‘quantified principal component’ py(A) shows an adiabatic
increase as a function of increasing A for all the system sizes. It indicates that the
z-component of staggered magnetization prolifers with A. The maximum value of
p2(A) is 0.5 which is the value for a perfect antiferromagnetic spin arrangement.
On the other hand, it is noticed that the po(A) decreases with system size L in
the neighborhood of A = 0. However, the proliferation of ps(A) is continuous and

it indicates the possibility of spontaneous symmetry breaking.

However, similarly, as done for the energy gap scaling, we further perform the
finite size scaling for po(A). Because p2(A) is per site value, we multiply it by
L?. The scaled function py(A)L? is shown as a function of A in Fig. 4.3. (b) for
the same set of system sizes L. The finite size scaling of ps(A) shows a crossover
of pa(A)L?* function for all the system sizes at around A = 1.05. This crossover
point is the same as we found for the scaled energy gap. A = 1.05 in this case
represents the separation between two regimes for the thermodynamic limit. py(A)
is vanishingly small for A < 1.05, whereas, it is maximum i.e, 0.5 for A > 1.1.

These two regimes represent the XY and antiferromagnetic phases respectively.

4.5 Summary

In this manuscript, we have done feature engineering in preparing the data set for
the spin-1/2 XXZ model. The samples or the row of the data matrix are featured
by selecting the most probable spin configurations for any given value of A. The
MPSCs are chosen systematically using an iterative diagonalization method. The
eigenvectors of the covariance matrix show two kinds of spin arrangements. The
first eigenvector w; associated with ferromagnetic ordering and its corresponding
principal component p;(A) shows a sharp jump at A = —1 which indicates the
FM-XY transition. The second eigenvector wy favors the antiferromagnetic spin
arrangement and its corresponding principal component py(A) prolifers in between

A = 0and A = 1. The finite-size scaling helps in detecting the proliferation regime
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and it finds that the XY-AFM or the KT transition takes place at A = 1.05.
In summary, with a proper data selection, we have successfully shown that the
combined IVM-PCA method can help in finding both the conventional FM-XY

and unconventional KT transition.



Chapter 5

Quantum Phases and
Thermodynamics of a Frustrated
spin-1/2 ladder with Alternate
Ising-Heisenberg Rung

Interactions

5.1 Introduction

The study of quantum phase transitions in low-dimensional spin systems has been a
frontier area of research due to an abundance of effective low-dimensional magnetic
materials [53, 144, 217-224] which exhibits a zoo of phases [95, 96, 99, 142, 145
148, 203, 206, 207, 225, 226]. The confinement and interplay of exchange interac-
tions in low-dimensional systems like spin chains [220, 227, 228], spin ladders [53—
55, 217] or two dimensional systems [229, 230] can give rise to various interesting
ground state (GS) properties [203, 231-236]. Recently synthesized materials show

that many of these spin-1/2 systems are frustrated even in one dimension (1D)
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[221-224], whereas the low dimensional systems can be either geometrically frus-
trated i.e. antiferromagnet Heisenberg spin-1/2 on a triangular lattice [237, 23§]
or exchange interaction driven frustration such as 1D spin-1/2 system interacting
with nearest neighbor interaction JJ; and antiferromagnetic next nearest neighbor
exchange interaction Jy [99, 142, 206-208, 239, 240]. Frustrated model Hamilto-
nians of one-dimensional systems and zigzag geometry [241, 242] are extensively
studied theoretically and GS of these systems have exotic phases like spin liquid
[53, 243], dimer [95, 96, 142, 203, 206, 207, 225, 226], spiral /non-collinear spin
phase [96, 203, 244], ferromagnetic phase etc.

Spin chains and ladders can also have anisotropic exchange interactions [245-249]
and some spin chains can have alternate Heisenberg and Ising exchange interac-
tions [250], whereas exchange along the leg is Ising type. The Heisenberg-Ising
model has been explored by few groups [98, 250-252]. The simplest model on a
ladder geometry studied by Rojas et al. [250] with alternate anisotropic Heisen-
berg (J.,J;,J,) and Ising type (Jy) rung exchanges and intra-leg exchange in-
teraction (J;) gives an interesting GS phase diagram with phases like frustrated
phase 1 (FRU1), antiferromagnetic phase etc in large and small ratios of Ising
to Heisenberg exchange interactions (J#/.J;) limits respectively. This model also
shows interesting sharp peaks in specific heat. Verkholyak et al. [98] studied an
anisotropic model with Heisenberg rung exchange interaction (./;) and Ising-type
leg exchange interaction (.J;) and diagonal exchange interaction (J3). They showed
that GS can exhibit different phases e.g. stripe leg (SL), stripe rung (SR), Néel,
and quantum paramagnetic (QPM) phases, etc. in the phase diagram of J3-J;
plane and the field dependence behavior in this model is also studied [98]. Other
studies of the Heisenberg branched chain model show interesting GS behavior and

plateau phase in the presence of an external magnetic field [253].

The thermodynamical properties of the one or quasi-one-dimensional quantum
spin models with alternating isotropic and anisotropic units have been studied
extensively recently [250, 254, 255]. In the presence of alternate Heisenberg and
Ising rung and Ising leg interaction, the two consecutive units of the Hamiltonian

become commuting and in such cases, the exact thermodynamical properties of
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N/2-1 r=N/2+1

N/2-2  N/2

FIGURE 5.1: (Color online) Schematic model diagram for spin configurations
of a 2-leg anisotropic spin ladder system with N(= 4n) sites is shown. The
interactions along the odd and even rungs are Ising and Heisenberg types re-
spectively. Both along the legs and diagonals, the interactions are Ising-type.
The indices k (1 < k < 2n) and | (= 1 or 2) in the figure represent the rung and
leg number; any spin in the anisotropic or isotropic rung is denoted by o}, ; or
Sk, respectively. The variable r is the distance from the reference spin shown
within a dotted circle.

these systems can be calculated using the transfer matrix method. For exam-
ple, the susceptibility and other related quantities were calculated exactly for an

anisotropic helical single-chain magnet Fes Nb using transfer matrix method [255].

In this paper, we study a general anisotropic Heisenberg-Ising model on ladder ge-
ometry with alternate Heisenberg and Ising exchange rung interactions, whereas
the exchange interactions along the leg and the diagonal of the ladder are Ising type
as shown in Fig. 5.1. The system exhibits anisotropic antiferromagnetic (AAFM),
stripe rung ferromagnetic (SRFM), stripe rung ferromagnetic-edge (SRFM-E), and
stripe leg ferromagnetic (SLFM) phases. The specific heat C,(T"), magnetic sus-
ceptibility x(7'), entropy S(T'), and average energy E(T') are studied in various

phases.

This paper is divided into four sections and in section 6.2 we discuss the model
Hamiltonian. In section 7.3 results are discussed and are divided into four subsec-

tions. We summarise all the results and conclude in the section 6.5.
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5.2 Model Hamiltonian

We consider here a frustrated spin-1/2 ladder with alternating isotropic Heisen-
berg and Ising-type interactions. For convenience, the system is divided into two
sublattices A and B. The A sublattice has Heisenberg rung interaction .J, while the
B sublattice has Ising rung interaction J.. The spins of two sublattices are con-
nected by Ising-type interaction J., along the legs and also by diagonal Ising-type
interaction .J;. Since for the B sublattice, only the z-component of spins appear in
the Hamiltonian, we represent these spins by o, whereas the other spins S have all
three components. The schematic diagram of the spin model is shown in Fig. 5.1.
The Hamiltonian for this system (having 4n sites) with open boundary condition

(OBQ) is given by H = 327" H; + H,, where,

T

H; = J;S%1 - S2i2 + 5(0'21'—1,10'2@'—1,2 + 09i41,102i41,2)
z z

+Jeq {SQZ‘J(U%—LI + 02i411) + 52@2(021'—1,2 + 02i+1,2)}

+Ja {55@1(021—1,2 + 02i412) + SQZi,g(U%—m + U2i+1,1)}

2
T =1 (2551 + 0211+ 02it10), (5:1)
H, = 50(01,101,2 + O2n-11020-12) + Jq§2n,1 ’ 572”’2

2

g Y S5 i0m-10 + Ja( S5, 102012 + S5, 5020-1.1)
=1

| >

2
Z(stn,z + Oon—1 + 01y)- (5.2)

=1

+

h is the applied magnetic field. Here H is the part of the Hamiltonian representing
the two edges. With the periodic boundary condition (PBC), H, vanishes and the
total Hamiltonian becomes H = )" | H; with appropriate reduction of values of
site index, e.g. 09,411 = 01,1. If our system is considered to be summation over n
geometrical units, then each unit is represented by the H;. It may be noted here

that [H;, H;] = 0 even for j =i+ 1.

For this work, we consider J, = J,, = 1. The GS phase diagram of the system
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(i) SRFM (ii) SREM-E

(111) AAFM (iv) SLFM

FIGURE 5.2: (Color online) Spin arrangements in (i) stripe rung ferromagnetic

(SRFM), (ii) stripe rung ferromagnetic edge (SRFM-E), (iii) anisotropic anti-

ferromagnetic (AAFM) and (iv) stripe leg ferromagnetic (SLFM) phases are

shown. Arrows in the odd rungs (blue) and even rungs (red) represent o-type

and S-type spins respectively. In subfigure (ii), the uncompensated dimer is
shown in the box.

is studied here with the respective to the parameters J; and J, (both positive).
For the system with open boundary conditions the exact diagonalization (ED)
method is used to calculate the GS properties like the energies and correlation
functions up to 24 sites, whereas the thermodynamical properties of the system
with periodic boundary conditions are studied using the transfer matrix method
[256]. The total GS energy of the system can be written as the sum of the GS
energies of the individual units calculated separately since the Hamiltonians of the
individual units commute with each other, but we have used the ED method to
calculate the correlation functions of the system as the GS wave function is not a

simple product of the GS wave functions of the individual units.

5.3 Results

In this section, four phases are discussed in detail to understand and characterize
the phases and determine their boundaries, we calculate various quantities like

longitudinal C*(r) =< S7S7,.,. >, transverse CT(r) =< (SFS¥, + SYSY.,) >
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correlations, von Neumann entropy, concurrence and energy crossovers. There are
four major phases in the system: (i) stripe rung ferromagnet (SRFM) where the
same type of sublattice spins (either S or o-type spins) are aligned in the same
direction, whereas other types are aligned along the opposite direction, as shown
in Fig. 5.2.a. This phase is similar to the SR phase described in Ref.[98]. (ii)
In stripe rung ferromagnetic-edge (SRFM-E) phase, bulk spins behave like SRFM
phase, whereas the one of the edge spin pair (S — S) behaves like isolated singlet
as shown in Fig. 5.2.b and the GS is in Sf, = 1 sector where S;, is the total
S* for the entire ladder. (iii) In anisotropic antiferromagnetic (AAFM) phase,
both S and o-type of spins are antiferromagnetically aligned with each other, two
nearest S spins along the rung form an anisotropic singlet bond to be defined
below, whereas two nearest ¢ spins form an Ising bond as shown in Fig. 5.2.c.
This phase is similar to the Néel phase described in Ref.[98]. The anisotropy of
singlet bond decreases with increasing J, and spins are highly frustrated. (iv) In
this phase, spins on each leg are ferromagnetically aligned but spins on the other
leg are antiferromagnetically aligned with each other (Fig. 5.2.d) and therefore
this frustrated arrangement is called stripe leg ferromagnet (SLEM). This phase
is similar to the SL phase described in Ref.[98].

5.3.1 Quantum phase diagram

In Fig. 5.3 the four phases, the SRFM, the SRFM-E, the AAFM, and the SLFM
are shown separated by five phase boundaries for N = 24, and we notice that the
phase boundaries weakly depend on the system size. These phase boundaries are
determined based on energy crossovers and the correlation functions C*(r) and
CT(r) by tuning J; and J,. A large fraction of the phase space is covered by
the SRFM phase and the AAFM phase has the second largest contribution. It is
interesting to note that the phase boundary of the AAFM and the SLFM is at
Ja/J = 1 for large J,. Here, the bond order < S; - S;41 > between the two S
spin along the rung form a perfect singlet dimer. The correlation length in CL(r)

shrinks to one unit cell, but this phase is restricted to only this phase boundary.
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FIGURE 5.3: (Color online) Quantum phase diagram of the Ladder with open
boundary condition is shown. Spin arrangements of the AAFM, the SLFM, and
the SRFM phases are shown inside the boxes.

The strong singlet dimers along the rung at B type sublattice (o — o) are formed

on either side of the phase boundary.

5.3.2 Ground state energy and excitation gap

The GS energy Egg of the system is doubly degenerate in the major part of the
parameter space, and Fgg and the lowest excited state in S7, = 0 and 1 sectors
are analyzed as shown in Fig. 5.4. The lowest state energy in S7, = 0 and 1
sectors are shown in Fig. 5.4.a for J, = 0.2. The lowest energy Egg in S;, = 0
sector initially increases with J; due to enhancement in the frustration induced by
Jy and it starts to decrease again for J; > 0.33, as the J; becomes dominant and
frustration decreases and the system goes to the SRFM phase. The peak of Egg
indicates the phase boundary. For small J, the phase transition from the AAFM
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to the SRFM seems to be sharp as the derivative of Fgg is discontinuous as shown
in Fig. 5.4 a. Whereas, the change in FEgg is continuous for 0.5 < J; < 1.5 at large
J, as shown in Fig. 5.4.c. In Fig. 5.4.b the lowest excited state in S;, = 0 and
the lowest state in S}, = 1 sector are shown with black and red color line-symbols
for J, = 1 respectively. The negative value of the red curve indicates the S7, =1
as GS and the state appears because of a singlet dimer pair formation between
edge S — S spins if the chain starts with o — o spin pair (odd rungs) and ends
with S — S spin pair (even rungs) as considered in the system. In this case, a pair
of uncompensated ferromagnetically aligned o — o pairs give rise to the S7, =1

manifold. The boundaries for the SRFM-E are obtained by onset and end of the
GS with S7, = 1 as shown in Fig. 5.4.b.

In Fig. 5.4.c all four phases and their boundaries are shown for J, = 1.8. We
notice that the maxima of doubly degenerate GS is the phase boundary between
the AAFM and the SLFM phase, whereas, the onset and end of GS in the S}, =1
is the phase boundary of the SRFM-E phase. In the SRFM phase, the GS is
again in the S7, = 0 sector. It is also evident from all three figures that Egg is

continuous in large J; limit.

5.3.3 von Neumann entropy and concurrence

For a better understanding of the quantum nature of the phases and to characterize
the quantum phase boundaries the von Neumann entropy S,y and the concurrence
C are calculated. The relevant results can be seen in Fig. 5.5. The von Neumann
entropy and the concurrence are two measures of the quantum entanglement be-
tween two parts of a composite system. If p is the reduced density matrix of one
part of a given bipartite system (in a pure state) then the von Neumann entropy
is given by S,y=-Tr[p In(p)] and the concurrence is given by C' = /2[1 — Tr(p?)]
[257]. These two quantities are zero for separable states and non-zero for entan-
gled states. For the calculation of these quantities, we partition the system in
the middle into the left (system) and right (environment) blocks and calculate the
reduced density matrix for the left (system) block. From Fiq. 5.5 we find that
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FIGURE 5.4: (Color online) (a) Black solid line and red dashed line represent
the lowest energies (£/J) in two respective spin sectors: S;; = 0 and S7, =1
for J;, = 0.2, (b) A is the energy gap for J; = 1.0. Red solid line represents the
lowest energy gap in S7; = 0 sector and green solid line represents the energy

gap of the lowest state in S7; = 1 sector from the lowest state in 57, = 0 sector.

(c) The black solid line and red dashed line represent the lowest energies (E/.J)
in two respective spin sectors: S7, =0 and Sf, =1 for J, = 1.8. (E/J) and A
in all the subfigures are shown for system size N=24.

both S,y and C' are zero for the SRFM and the SRFM-E phases. This is expected
as for the large J; values the GS can be represented as the product of individual
spin configurations. For the AAFM and the SLFM phases, the quantities S,y and
C' are nonzero as shown in Fig. 5.5. For J, = 1.8 the GS is doubly degenerate
and both the states have the same values of S,y and C', but at phase boundary
of the AAFM and the SLFM J; = 1 the GS is N fold degenerate which leads
to a sudden jump of these quantities. S,y and C' of the AAFM and the SRFM
phase for J, = 0.2 are shown in Fig. 5.5 a and sudden jump from a high value in
the AAFM phase to zero in the SRFM phase characterizes the phase boundary.
Similarly, the phase boundary of the SLFM and the SRFM-E phase for J, = 1.8
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FIGURE 5.5: (Color online) Black and red lines represent respectively the von
Neumann entropy (S,n) and concurrence (C) for three different sets: (a) J, =
0.2,(b) J, = 1.0, (c) J, = 1.8

can be characterized by the sudden jump in Fig. 5.5 ¢. These phase boundaries

calculated from this criterion are consistent with other calculations.

5.3.4 Correlation functions

To understand the arrangement of spin in the GS, we study the two-component:
longitudinal C*(r) and transverse C7(r) correlations in four different phases as
shown in Fig. 5.6. The reference site is at the lower leg of sublattice A (S-
type spin) at mid of the ladder and the arrangement of distance r is shown in
Fig. 5.1. In the SRFM phase (J, = 0.2, J; = 2.0), the C*(r) shows long-range

behavior, and the nearest neighbor along the rung is ferromagnetically aligned,
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FIGURE 5.6: (Color online) (a) Longitudinal and (b) Transverse Correlation

plots are shown. Black, red, maroon, and blue colors in both of the subfigures,

represent four respective phases; SRFM (J, = 0.2,J; = 2.0), SRFM-E (J, =

1.6,J; = 1.25), AAFM (J, = 2.0,J; = 0.4) and SLFM (J, = 2.0,J; = 1.6).

Transverse correlation CT'(r = 1) as function of J; is shown for J; = 0.4 in the
inset of (b).

whereas the nearest neighbor along the leg is antiferromagnetically aligned. The
CT(r) is zero for spins, therefore, GS is completely Ising-like. In the SRFM-E
(J, = 1.6, J; = 1.25), the correlation functions are the same as that for the SREM
except at the boundary where the CL(r) goes to zero i.e the last pair of spins is
decoupled from the ladder. The CT(r) is zero for all spins with respect to reference
spin, but between edge rung spin pair S — S it is —1/4. In the SLFM phase
(J, = 2.0,J; = 1.6), the nearest rung spins are antiferromagnetically aligned,
whereas along the leg nearest neighbor spins are ferromagnetically aligned. The
nonzero value of CT(r) is restricted to the nearest rung spin. However, in the limit
J, = 2.0,J; = 0.4 (AAFM phase), the CZ(r) is long-range and both the nearest

spins along the rung and the leg are antiferromagnetically aligned. The C7(r) is



Chapter 3. 78

restricted to the only nearest rung spin and the CT(r = 1) decreases with J, as
shown in the inset of Fig. 5.6.b. It is also interesting to note that the long-range
behavior in the correlation C*(r) melts with increasing J,.

The AAFM phase is interesting due to the high anisotropy correlations in the
system and also the rapid variation in the correlation with J,. To our surprise,
at J; = 1, two nearest spins along the rung (S — S pairs) form perfect singlet
dimers, and the GS of the system behaves like the product of Ising and singlet
dimers. To show the GS spin arrangement, C*(r) and C*(r) for J; = 0.8,1 and
1.2 for J, = 2.0 are plotted as a function of distance r in Fig. 5.7. We notice finite
value of CL(r) and C7(r) are restricted to nearest rung spin, whereas, C(r) are
non-collinear in nature in the neighborhood of J; = 1 for large J,;. For two values
of J; = 0.8 and 1.2 for .J, = 2.0, C*(r) shows non-collinear spin arrangement and
the CT(r) is restricted to the same rung in A sublattice (S spin) as shown in Fig.

5.7.

5.3.5 Exact thermodynamical properties

The spin model Hamiltonian in Eq. 5.1 has commuting bond operators because
Ising exchange interactions along the leg and diagonal of the ladder, therefore using
the transfer matrix method exact solution at finite temperature can be studied.
In this paper, we study the low-temperature thermodynamical properties of our
model using a suitably adapted transfer matrix method. Henceforth, our transfer
matrix calculations assume periodic boundary condition (PBC) and we will be
using the full Hamiltonian without the edge part (He = 0). The Hamiltonian for

a single geometrical unit (Eq.5.1) can be reduced in the following manner:

J, _ - z Q2
H; = gq (S;;JS%Q + 52,2521‘,1) +J, ( 2,1 2i,2>

+aS5,, + bS5+ c+d. (5.3)

Here a, b, ¢, d can be written in terms of the parameters J., J,, Jq and h, and

the spin operator o (see in appendix ??). In the equation S*, S~ are the creation
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FIGURE 5.7: (Color online) (a) Longitudinal and (b) Transverse Correlations
for three phases are shown. Maroon, magenta, and blue colors in both of the

subfigures are for AAFM (J, = 2.0, J; = 0.8), Perfect Dimer (J, = 2.0, J; =
1.0) and SLFM (J; = 2.0, J4 = 1.2) phases respectively.

and annihilation operators respectively for spin S.

Due to special construction of our model, we have [H;, H;] = 0 for any ¢ and j.
This fact helps us to write the partition function of the total system as the trace of
the n-th power of a small (4 x 4) transfer matrix (see the details in Appendix ?7?).
The partition function for N (= 4n) number of spins, Qx(3) = Tr(e "?) with 3

being the inverse temperature can be written as,

Qn(B) = AT + A5 + A3 + Al

where four \'s are the eigenvalues of the transfer matrix. If A; is the largest
eigenvalue then for large N, Qn(8) = A" (see in appendix ??). Using the

partition function Q4(5) (= A1, partition function for a geometric unit), the
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thermodynamic quantities can be calculated using the following standard for-

mulas: free energy (per geometrical unit) F(T) = —kgT log Q4(5), average en-
ergy E(T) = kpT?-51og Qa(f), specific heat C\(T) = (%—g@) , magnetization
M(T) = —81;)—(5), magnetic susceptibility x(7') = az\g}(LT)7 and entropy S(T) =

_ <8F(T)>
or )

In 7" — 0 limit, the largest eigenvalue A\; can be written as \; = e

B(4T4—Ig+3)) - . :
e T where Ag = 4 /1 + 4(1(]# (see in appendix ?7). In the zero-temperature

B(+Jq(1+242))
4

limit, the first exponential term in the expression of A\; dominates over the sec-
ond exponential term in the regimes corresponding to the AAFM and the SLFM
phases, while in the regime corresponding to the SRFM phase, the opposite
happens. In this 7' — 0 limit, the free energy takes the following forms in

the regimes corresponding to the SRFM and the AAFM phases respectively:
 14+J(142A0)
e

Fsprv =

414—J+3
——r= and Faary = Fsprm =

In this zero tem-
perature limit, in all three regimes, the entropy and the specific heat are found to
be zero. These results match well with our numerical calculations using the full

expression of A; (see in appendix 77?).

To understand the thermodynamic behavior at the non-zero temperatures, we
calculate four thermodynamical quantities E(T'), C,(T), S(T') and x(7T') for three
parameter regimes and are shown in Fig. 5.8. We use the full expression of
the largest eigenvalue A; for this numerical calculation. It may be noted that
the different ground state phases of the system, which were obtained with open
boundary conditions for the finite system sizes, may not have direct consequences
in our low-temperature thermodynamic results as the thermodynamic calculations
are done with periodic boundary conditions for thermodynamically large systems.
Here, our main purpose of studying the thermodynamical quantities is to see how
these quantities change across the parameter regimes of interest. The C,(T") of the
three different phases show different features as shown in Fig. 5.8.a. In the AAFM
region where J; is weak and J, is dominant, C,(T") shows a small peak near the
T — 0, which may be because of small gap due to small excitation gap in S7, =0
sector, and then there is broad maxima at higher temperature, which is similar

to the Heisenberg spin dimer system. The weak singlet dimer is formed along the
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FIGURE 5.8: (Color online) (a) Specific heat (C,(T)), (b) Entropy (S(T)), (c)

Magnetic susceptibility (x(7")) and (d) Average Energy (F(T')) plots are shown.

Black, red, and green curves in each of the subfigures, represent three phases:

AAFM (J,; = 2.0, J4 = 0.5), SLFM (J,; = 2.0, J4 = 2.5) and SRFM (J; = 0.2,
Jg = 2.5) respectively.

rung of S — S spins and that may give a broad peak at moderate temperature.
The C,(T') in the SLFM phase shows a very sharp peak and long tail but has a
vanishing small value for 7'/J < 0.09 due to a finite energy gap in the system.
In the SRFM phase, this quantity is vanishingly small for 7'/J < 0.35 due to a
large magnetic gap, in this case system requires a relatively larger temperature to
have a significant contribution from the higher excited states or to have significant
energy fluctuation. In this phase the C,(T) increases exponentially and has a
relatively higher peak position at 7'/J = 0.75. The entropy S(T') is a measure of
randomness in the system and also indicates a contribution from various energy
levels, and it is shown for three different phases of the system in Fig. 5.8.b. In the
AAFM phase, there is a small gap in the S7, = 0 sector. Whereas, in the other
two phases S(7") is vanishingly small for T'/J < 0.1 due to the large energy gap,

and thereafter it increases monotonically.
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The magnetic susceptibility x(7") in these three phases are shown in Fig. 5.8.c
and all the x(7) have small values in all three phases for 7//J < 0.1. It has a
broad maximum and small gap in the AAFM phase due to the formation of a
singlet dimer, and breaking the weak singlet dimer costs finite energy, therefore,
a singlet-triplet gap is finite. The x(7") in the SRFM phase has a dominant
Ising interaction, therefore, there is a finite energy gap and sharp peak similar
to the 1D Ising system. In the SLFM phase, there is a large magnetic gap as it
requires breaking of strong rung interaction, and this leads to small x(7") at low
temperature and an exponential increase in the x(7'). The average internal energy
E(T) shows a linear variation with 7" in the AAFM phase, but almost constant
value of E(T) for T" < 0.09 indicates the gap in the SLFM phase as shown in
Fig. 5.8.d. In the SRFM phase, variation of the energy is almost constant for
T/J < 0.35 due to a large energy gap and it varies linearly with 7" thereafter.

5.4 Summary

In this paper, we consider a very general anisotropic Heisenberg-Ising model on a
ladder geometry with alternate Heisenberg and Ising exchange rung interactions,
whereas the exchange interactions along the leg and the diagonal of the ladder are
Ising type. We construct a quantum phase diagram of the model, Hamiltonian in
Sec.5.2; and have shown that there are four quantum phases: (i) the AAFM, (ii)
the SRFM, (iii) the SRFM-E, and (iv) the SLEFM which appear due to competing
interactions and anisotropy in the system. The GS is doubly degenerate and has
a finite magnetic gap in most of the parameter space and to our surprise, the
exact dimer state along the rung in A sublattice (rungs with isotropic exchange
interactions) appears for J; = 1 and large J, limit. However, a weak dimer
appears along the rung of spin S near to J; = 1. The von Neumann entropy
and concurrence have non-zero values in the AAFM and the SLFM phases, and
these quantities change sharply from one phase to other phases, therefore we can
convincingly determine the phase boundaries between various phases which are

consistent with the other calculations.
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The thermal properties of this system are also studied analytically using the
transfer matrix method. Four temperature-dependent properties like specific heat
C,(T), average internal energy F(T'), entropy S(7T'), and magnetic susceptibility
X(T') are studied in three different phases: the SRFM, the SLEM, and the AAFM.
In large j—z regime (AAFM phase), C,(T) shows a small peak at small 7" due to a
small excitation gap, whereas it has vanishingly small x(7") up to 7" < 0.09 due to
the finite magnetic gap in the SLFM phase. Due to the large excitation gap in the
SRFM phase, all four quantities vanish for 7" < 0.35. This model may be realized
in Cu or Ni-based materials having magnetic interaction confined in ladder-like
geometry and the material should also have large anisotropy to ensure the Ising

exchange.
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Magnetic plateaus and jumps in a
spin-1/2 ladder with alternate
Ising-Heisenberg rungs: a field

dependent study

6.1 Introduction

Frustrated low-dimensional quantum magnets exhibit a diverse range of quantum
phases that generate significant interest among both theorists and experimen-
talists. Consequently, theoretical studies are crucial for verifying experimental
results, especially due to the continuous synthesis of low-dimensional magnetic
materials[53, 144, 146, 217-224, 258-261]. In the spin chains and ladder systems,
the competing exchange interactions lead to many interesting quantum phases like
ferromagnetic ground state (GS) [262], Néel phase [45, 46, 263], Luttinger liquid
[85, 264], spiral [244], spin liquid [80, 265], dimer phase [53], etc. The antiferro-
magnetic isotropic Heisenberg spin-1/2 zigzag ladder or the J; — Jo chain has a

gapless spectrum in strong leg coupling limit, whereas, it has a gapped spectrum

84
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for the moderate value of the ratio of the exchange interactions due to dimerization

along the rung. [30, 66, 96, 206, 207, 216, 266].

The anisotropy in the exchange interaction significantly influences the GS prop-
erties. For example, the isotropic Heisenberg spin-1/2 J; — Jo model in the small
Jo limit has a gapless spectrum and its GS is a spin liquid phase with quasi-long
range order (QLRO)[30, 206, 207]. But, the spectrum of the XXZ Heisenberg
spin-1/2 chain is gapped for a large axial anisotropy A > 1, and in this limit, the
spins behave like Ising type, whereas, the spectrum is gapless for A < 1 and spins
are aligned in XY plane [103, 209]. The GS of an isotropic Heisenberg spin-1/2
normal ladder exhibits short range order and the spin gap is finite for any non-zero
value of rung exchange. On the other hand, the spectrum of the anisotropic lad-
der systems can be gapless [44, 97, 103, 104, 267-269]. In a spin-1/2 ladder with
isotropic rung and axial anisotropic leg exchange A, the GS can be tuned from
singlet to Néel phase by increasing A [104]. But, for a normal spin-1/2 ladder
with anisotropy in both leg and rung exchange interactions, the GS can be XY,
Néel, or rung singlet (RS) phase on tuning the rung exchange and axial anisotropy
[268]. Another type of anisotropic spin-1/2 ladder is the Kitaev-Heisenberg model

on a two-leg ladder where the GS has many exotic quantum phases [269].

Many spin-1/2 ladders with isotropic and anisotropic exchange interactions are
reported to display magnetic plateaus and jumps in the magnetization curve by
tuning the external magnetic field [51, 98, 110, 252, 254, 270-279]. Japaridze et
al. studied a two-leg spin—% ladder system with leg interaction .J| and alternate

rung as J, J| in presence of a longitudinal field h, and show that the system

-1, a plateau at half of the saturation

have zero magnetization plateau up to h
magnetization for the magnetic field between h; and h_, and fully polarized spin
is achieved at h, [275]. Moradmard et al. studied a spin-1/2 ladder system with
XXZ interaction and they showed different phases like x-FM, z-FM, y-Néel, and
z-Néel in a magnetic phase diagram in the plane of anisotropy interaction A and
magnetic field h [276]. Similarly, Dey et.al. carried out the magnetization study of
isotropic Heisenberg spin-1/2 on a 5/7-skewed ladder and showed multiple plateau

phases with field A [51]. They also note that plateau phases are the consequences
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FIGURE 6.1: (color online) (a) Schematic diagram of the spin ladder with
alternate Ising-Heisenberg rung interactions. J. and J; are the alternative Ising
and Heisenberg type rung interactions respectively. J.4, Jq are the Ising type
leg and diagonal exchange interactions respectively. Blue and magenta color
circles represent ¢ and S spins in Eq.6.1 respectively. [, k, and 7 represent leg
and rung, and site indices respectively. The spin configurations of four exotic
phases with J. = J,; = 1: b.(i) SRFM (J, = 0.2, Jg = 2.0), b.(ii) AAFM
(J, = 2.0, Jg = 0.4), b.(iii) Dimer (J, = 2.0, Jg = 1.0), and b.(iv) SLFM
(Jg = 2.0, J4 = 1.6) are shown. Blue and magenta rung pairs are representing
o — o and S — S rung pairs. The boxes shown in Subfigure b.(iii) represent
perfect singlets. Quantum phases are studied earlier in Ref. [1].

of gaps in the spectrum, and these plateau phases can be explained in terms of

Oshikawa, Yamanaka, and Affleck (OYA) criterion [110].

Some of the real compounds like the heterobimetallic co-ordination polymer [(7'p)o-
Fey (CN)g(OAc)(bap) Cus(CH3OH )oCHsOH HyO] forms an effective Ising- Heisen-
berg spin-1/2 branched chain model [278], whereas, (VO)2P,07, Cal205 and
M gV505 can be modeled by using two legs spin-1/2 ladders with the Ising-Heisenberg
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exchange [98]. The quantum phase diagram, magnetization curves, and con-
currence of the spin-1/2 Ising Heisenberg branched chain are studied using the
transfer-matrix method and they note the plateau at 1/2 of saturation magne-
tization [278]. For a two-leg spin-1/2 ladder with Ising exchange along the leg,
diagonal, and Heisenberg exchange along the rung, Verkholayak et. al. noted that
on applying a longitudinal magnetic field, the Néel phase of the GS undergoes a
phase transition to a half plateau or staggered bond (SB) phase in presence of
moderate field and to a fully spin-polarized state for strong field limit [98]. With
few similarities to these ladder systems, we propose another type of anisotropic
spin-1/2 two-leg ladder which may have various types of plateau at 0, 1/2, and
full of saturation magnetization. The quantum phase transition in these systems
can alternatively be determined using the concurrence [280, 281] and fidelity [282]

calculations.

We consider a spin-1/2 frustrated two-leg ladder system with alternating Ising
and Heisenberg type rung exchanges, where the diagonal and leg exchange are of
Ising type as shown in Fig.6.1.a. In this model, J. and J, are the alternate Ising
and Heisenberg rung exchange interactions respectively, where, J., and J; are the
leg and diagonal exchange interaction strengths of Ising type respectively. The
quantum phase diagram of this model is studied earlier in parameter space of J,
and Jy (both are antiferromagnetic) by considering J, = J, = 1 [1]. The system
exhibits four distinct GS phases under periodic boundary condition (PBC): (i)
stripe rung ferromagnet (SRFM), (ii) the anisotropic antiferromagnet (AAFM),
(iii) the Dimer, and (iv) the stripe leg ferromagnet (SLFM) depending upon the

values of J, and J; in absence of any magnetic field [1].

The GS phases are schematically represented in Fig6.1.b.[(i)-(iv)]. The SRFM
phase is Ising dominated where all the spins are aligned along the z direction
completely. Whereas, the [(ii)-(iv)] phases are anisotropic. Although all the rungs
are anti-ferromagnetically aligned for the [(ii)-(iv)] phases, the spin arrangements
along the leg are different. Along the leg, the alignment of the spins is anti-
ferromagnetic for the AAFM phase and ferromagnetic for the SLFM phase. In

the Dimer phase, there is no spin alignment along the leg. In this manuscript, we
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study the effect of both longitudinal and transverse magnetic fields on the four GS

phases with a few sets of .J,, J; values discussed in Sec.7.3.

In this work, we observe that in all the quantum phases, the system exhibits
a plateau at 0, 1/2, and 1 of saturation magnetization in the presence of an
externally applied longitudinal magnetic field. The calculations are done using
the exact diagonalization (ED) [283] and transfer matrix (TM) [284] methods,
and results from both methods agree excellently with each other. Furthermore, we
calculate the zero-temperature limit quantum fidelity, fidelity susceptibility, and
quantum concurrence from the partition function of the ladder using TM, and
find that these results are in accordance with the exact calculation. The study of
the magnetization under a transverse field is carried out using ED only, and it is
noticed that the magnetization shows a half, and full of saturation magnetization

plateaus.

This paper is divided into a few sections as follows. First, the model is discussed
briefly in Sec. 6.2. This is followed by a discussion on methods in Sec. 6.3. In
Sec. 77, the magnetization process is discussed in the presence of the longitudinal
field. In Sec. 6.4.1.1 we discuss the zero-temperature limit quantum fidelity and
bipartite concurrence for different phases. In Sec. 6.4.1.2, the quantum phase
diagrams are shown for four different longitudinal fields. In Sec. 6.4.2, we discuss
the magnetization process in the presence of a transverse field. In Sec. 6.5, we

summarise the results and conclude the paper.

6.2 Model Hamiltonian

We construct the Hamiltonian for a spin-1/2 two-leg ladder with N number of

spins periodically connected along the leg, which turns out to be comprised of

n= % number of unit cells. In each unit cell, one rung pair is connected through

an Ising type exchange J., whereas, the other one is coupled with a Heisenberg

type exchange J, as shown in Fig.6.1.(a). These rungs couple each other through
Ising type exchanges: J., along the leg, J; along the diagonal. The spins with
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rung coupling J. and J, are marked with o and S respectively. Here onward, the
Ising type and Heisenberg type rung spin pairs are to be called ¢ — o and S — S

pairs respectively. Let us now write down the Hamiltonian for the j* unit cell as

Y

zQz z Jq + q- - S+
H; = Jq 2j,1°2j2 t 9 523‘,1529‘,2 + S%lS?JF?

J

(&
+ 5 02j-1102j-1,2 + (72j+1,102j+1,2} + Jeg X

ng,l(ffzj—m + 09j111) + 55]-,2(02]‘—1,2 + 09+1.2)

+JdX

Séj,1(02j—1,2 + 09j112) + Sfj,2(02j—1,1 + 09+1.1)

2
h
9 Z(ngj,l + 0911 + 02j411)
=1

z 2

5 Z(Q‘ng,l + 05 11+ 05541,) (6.1)
=1

Here, h and h* are the longitudinal (+z direction) and transverse ( +x direction)
fields respectively. S, S* are the spin components along +x, +z respectively of
the spin S , whereas, ST, S~ are the raising and lowering operators respectively of
the same. In Eq.6.1, we consider J. = Jo; =1 and J; = Ji¥ = J, throughout our
manuscript. The general Hamiltonian of the ladder under PBC with system size

N is the summation of the n unit cells, which can be written as H = Z?Zl H;.

6.3 Methods

We employ the ED method to solve the energy eigenvalues and eigenvectors of
the Hamiltonian in Eq.6.1 for the system sizes N = 16,20, 24 in the presence of
longitudinal and transverse fields both. Whereas, in the absence of a transverse
field i.e., for A* = 0, the Hamiltonian of two consecutive units commute to each
other, and so we employ the TM method to calculate the magnetization, quantum
fidelity, quantum concurrence from free energy, and partition function. The par-

tition function for the entire ladder with system size N (or n = N/4 unit) can be
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written as Qn (h, ) = Tr(e ™) = [Q4(h, B)]" (see Appendix 6.6). Q4(h,3) is the
partition function for one unit of 4 spins and [ is the inverse temperature. For this
model, Qn(h, B) = [A\T + A5 + A} + N\}] , where, A1, A2, A3, Ay are the eigenvalues
of a 4 x 4 transfer matrix for one unit (see Appendix 6.6). In the limit n — oo,
and with the condition A\; > Ay > A3 > A4, one can write Qn(h, ) =~ A\ and
Q4(h, B) = A\i. At zero-temperature limit i.e., for § — oo, after defining some of
the system parameters: Ay = /1 + 4(1!]_[17‘{%)2, Q = eP’i/* we obtain the partition

function for one unit (from the Eq. 6.35 in Appendix 6.6)

Q4(h7 6) =
2¢7% %
[2Q~'Cosh[Bh] + QCosh[Bé;y] + QCOSh[ﬁJJ;AQH
4 2o
Q 'Cosh[B(h — (Jog + Ja))] + QCOSh[ﬁ 2;"31] (6.2)

For the simplicity, we rewrite the Q4(h, 3) as a polynomial function of e as
Q4(h, 6) = a0625h + b065h -+ d(] (63)

Here, the system parameters ag, by, dy are defined as

o = 6—§(J§+Jc+4ch+4Jd)7

bo = 2e§<J5—Jc>Cosh[6 2‘? ) 4 s,

dy = 2¢° 5 C’osh[ﬂfy] + Cosh[%]

4 e TVt Adeq—4Ta) (6.4)

6.4 Results

We study the magnetization properties in the presence of a longitudinal (k) and

transverse (h”) magnetic field in Sec.6.4.1 and Sec.6.4.2 respectively. In both
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of these cases, the studies are done for four sets of exchange parameters: (i)
J, = 0.2,J; = 2.0 for the SRFM, (ii) J, = 2.0, J; = 0.4 for the AAFM, (iii)
J, = 2.0, J; = 1.0 for the Dimer, and (iv) J, = 2.0, J; = 1.6 for the SLFM phases.

It is to be mentioned that in all these cases, we consider J. and J;, to be unity.

6.4.1 Magnetization process in the presence of a longitu-

dinal magnetic field

We obtain the per-site magnetization m for a finite system size N by calculating
the spin gap i.e., the difference between the low-lying states of two different spin
S* sectors using ED. In Fig.??.[(i)-(iv)], we show the finite size scaling of the m-h
curve for three system sizes N = 16,20, 24 using ED. m — h curve shows three
plateau phases: m = 0,1/4, and 1/2 connected by two magnetic jumps in each
of the subfigures. The first jump is at h. from m = 0 to 1/4, and the other
at he from m = 1/4 to full saturation of magnetization (m = 1/2) in all four
quantum phases as shown in Fig.??[(i)-(iv)]. The h. takes values 2.5, 0.7, 0.5,
and 0.7, whereas, hey are 3.5, 3.5, 4, 4.5 for (i) the SRFM, (ii) the AAFM, (iii)
the Dimer, and (iv) the SLFM phases respectively. Later on, we discuss in detail
that these magnetic transitions show plateaus due to the spin gap and these jumps
correspond to the overlap of the plateaus by unbinding of the rung dimers of equal
energy. In all of the magnetization curves, it is noticed that there is a negligible
finite-size effect. This is also noticed in the thermodynamic limit (N — oo) for

the zero-temperature case (f — oo) using TM method.

Using the TM method, the per-site magnetization is obtained as m = —%8Fgg’ﬂ ),
where F'(h,[3) is the free energy for one unit and can be defined as F(h,f) =
—%ln[@l(h, B)]. The per-site magnetization in general can be written as
1 2 28h b Bh
m = L 2a0e™ & boeT] (6.5)

N Z [(Io@Qﬁh + bgGﬁh + do]

From the above equation, it is clear that the exponential terms compete and

dominate each other in different limits of fields and m can take the discrete values
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0, }l,% (for B — o0). These magnetization plateaus can be connected by a few

jumps which are associated with the critical fields and these critical fields are the

mid-points of the jumps. At two critical fields h.; and h., m takes the values %

and % respectively. However, the critical fields can be obtained from the Eq.6.5 as

1 [do] . 1, [b
hcl ~ Bln |:b0:| 7h52 ~ 5ln |:a0:| . (66)

These critical fields are found to match with the exact calculations discussed above

and shown in the m — h curve in Fig.??. Plateau width can be obtained as

d=|heo —h Nll b—% 6.7
_|c2 Cl|N/Bna,()d() ()

From the above discussion one can conclude that in f — oo limit, the partition
function Q4(h, B) of Eq.6.3 can be simplified as following

7

dy it h < hg

Q

Qa(h, B) boe®t  if hy < h < he (6.8)

age%h if h Z hCQ

\

Similarly, the free energy F'(h, ) can be written for three different plateau phases

—5in[do] if h < he
F(h,B) = =3n[b] = b if ha < h < he (6.9)
—%ZTL [a,()] —2h if h S hcl

From the above expressions of the free energy, it is noticed that the per-site mag-
netization can easily be obtained from m = —}l% to be 0,1/4,1/2 for the
three plateau phases. All of the four nonmagnetic GS phases (i.e., m = 0) have a
finite magnetic excitation gap and it requires a finite external magnetic field h to
reach a magnetic GS. The lowest magnetic excitation is in m = 1/4, for which the

gap from the nonmagnetic GS is closed by a finite field h.;. However, the m = 1/4

state has also a finite magnetic excitation gap and it requires a field h. to achieve
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FIGURE 6.2: (a) Longitudinal spin density S? is shown as a function of site
index i for four GS phases: the SRFM (J, = 0.2,J4 = 2.0), the AAFM (J, =
2.0,J4 = 0.4), the Dimer (J,; = 2.0,J3 = 1.0), and the SLFM (J, = 2.0,J; = 1.6)
using black, red, green, blue colors respectively. The spin configurations in b.(i)
m = 1/4 plateau type-1, b.(ii) m = 1/4 plateau type-2 are shown. In m = 1/4
plateau type-1, all the Heisenberg rung pairs S — S (magenta spins) are fully
polarized, and in m = 1/4 plateau type-2, all the Ising rung pairs o — o (blue
spins) are fully polarized.

the higher magnetic excitation m = 1/2, which is a fully polarized phase (FP).
All the nonmagnetic GS (m = 0), m = 1/4 magnetic GS and m = 1/2 magnetic

GS phases can be described by the system parameters dy, by, and ag respectively.

We obtain the per-site magnetization m for a finite system size N by calculating
the spin gap i.e., the difference between the low-lying states of two different spin
S# sectors using ED. Using the TM method, the per-site magnetization for the
thermodynamic limit (N — oo) is obtained as m = —iaFgLL’B ) where F (h,3) is
the free energy for one unit and can be defined as F'(h, ) = —%ln[Q4(h, B)].

To investigate the nature of all the plateau phases, spin density (S7?) at site i
calculated using the ED is shown in Fig.6.2. (a). The SRFM phase is stabilized in
the presence of the dominant diagonal Ising exchange whereas, in the other three

phases isotropic Heisenberg rung exchange is dominant. Therefore, the formation
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of the m = 1/4 plateau from the SRFM phase (with low J, and high J;) is
different from the other three phases. In the SRFM phase, the diagonal exchange
Jy exhibits Ising characteristics and is stronger compared to the other exchanges.
The formation of rung dimers and the dominant Ising exchange create a finite gap
between the non-magnetic (m = 0) and magnetic (m = 1/4) phases. To close this
gap and transition to the m = 1/4 plateau phase, a large field h.y = 2.5 is required,
as shown in Fig. ?7. (i). At this critical field, the weakly coupled Heisenberg rung
dimers (S — S) break down and get polarized, resulting in a finite spin density
of 0.5, as depicted in Fig. 6.2.(a). The ground state spin configuration for the
m = 1/4 plateau is termed “m=1/4 plateau type-1” or “P-I” and is shown in Fig.
6.2.b.(i). With further increase of the field around h = 3.5, all the spin pairs are

broken and the system goes to the FP phase.

The AAFM, Dimer, and SLFM phases are characterized by strong Heisenberg
rung exchange J,, leading to the formation of strong dimers on S — S pairs, which
are energetically more stable compared to the dimers of ¢ — ¢ pairs interacting
with Ising exchange. In the AAFM phase, with anisotropic antiferromagnetic spin
alignment on the ladder for J;, = 2.0 and J; = 0.4, a very small field hy = 0.7
is sufficient to break the o — ¢ pairs and reach the m = 1/4 plateau, as shown
in Fig.??.(ii). In the m = 1/4 plateau of AAFM, the rung spins of ¢ — o pairs
are fully polarized with a spin density of 0.5, as depicted in Fig.6.2.(a). The spin
configuration of this type of magnetic phase is referred to as “m=1/4 plateau

type-2” or “P-II” and is shown in Fig. 6.2.b.(ii).

In the Dimer phase, all the rung dimers are isolated, and the Ising dimers have
a smaller spin gap as compared to the S — S rung singlets. An external field of
hei = 0.5 is sufficient to close the gap for a given value of J, = 2.0 and J, = 1.0
as shown in Fig.??.(iii). Due to the formation of perfect dimers through strong
J, exchange in this phase, the P-II phase exhibits a much larger gap, leading to a
broader plateau width compared to the AAFM phase, as shown in Fig. ?7?.(iii).
In the SLFM phase, the ground state exhibits ferromagnetic spin arrangements
along the leg, while spins on different legs are oppositely aligned. Fig. ?7.(iv)
demonstrates that the onset of the P-II occurs at a field of h, = 0.7, with the
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largest plateau width observed in this phase. The spin density analysis reveals that
the dimers formed by o — ¢ pairs become polarized along the field direction in the
P-II phase as shown in Fig.6.2.b.(ii). Similar to the AAFM phase, the 0 — ¢ rung
dimers are weaker in this phase also, while the oppositely aligned legs enhance
the stability of singlets on the Heisenberg pair S — S, resulting in an extended
plateau width. With further increase in the applied field, the P-II plateau as
shown in Fig.6.2.b.(ii) is disrupted, and a sharp jump occurs at h. = 4.5 and
reaches the FP plateau. In all four phases, either all S — .S or all 0 — ¢ rung pairs

are simultaneously disrupted, leading to magnetic jumps.

6.4.1.1 Quantum Fidelity and Bipartite Concurrence

The spin arrangement of the plateau phases is quite different for all four phases
at h = 0. Therefore, we expect the wave function of the plateau phases should
be different and can be understood from the perspective of quantum information
theory. In this subsection, we calculate and show the zero temperature limit
quantum fidelity and bipartite concurrence to analyze the plateaus, and these can
be obtained from the partition function as discussed below. Quantum fidelity is
the measurement of overlap between two states and can be used to characterize
the phase transition on the tuning of parameters. Quan et. al. have shown that
fidelity can be obtained from the partition function [282]. Similarly, we calculate

the quantum fidelity for the field A with small perturbation dh as:

Q4(h7 B)

F(h,B) = VQi(h + 0k, 3)Qu(h — b, B)

(6.10)

where Q4(h, ) is the partition function for one unit cell in this case. F(h,3)

is unity when there is a unique state and discontinuous at the phase transition

points. The Field fidelity susceptibility x#(h, 5) = % is zero in unique state

and it diverges at the transition. F(h, ) can further be written in terms of the
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FIGURE 6.3: (a) (left column) Quantum fidelity F(h, 3) and (b) (right column)

fidelity susceptibility x = (h, 8) calculated using TM are shown for the thermody-

namic limit (N — oo) at T'/J. — 0. Black, red, green, and blue colors represent-

ing four phases: the SRFM (J, = 0.2,J4 = 2.0), the AAFM (J, = 2.0,J4 = 0.4),

the Dimer (J, = 2.0,J4 = 1.0), and the SLFM (J, = 2.0,J4 = 1.6) respectively
are arranged sequentially from top to bottom in both the columns.

free energy F'(h, ) and magnetic susceptibility x(h, 3) as

F(hféh,BHF(hHh,B)}
2

Fh, ) = e L0

2
R ) (6.11)

In the plateau phases, x(h, ) = —822}(:;’5) = %—ZL is zero and so the fidelity F(h, )

in Eq.6.11 is unity. On the other hand, at the magnetic jumps, the x(h, ) diverges,
and the F(h, 5) decreases from unity.

Fig.6.3.a.[(1)-(iv)], and b.[(i)-(iv)] show the plot of F(h, ) (left column) and

X7 (h,B) (right column) as a function of h respectively for four different phases:
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(i) the SRFM, (ii) the AAFM, (iii) the Dimer, and (iv) the SLFM respectively. In
each of the sub-figures of F(h, ) and x(h, 5), two discontinuities are noticed for
all four phases. All of these discontinuities are consistent with the jumps of the

m — h curve in Fig.?? and represent the magnetic phase transitions.

At the plateau phases, the partition functions are unique which results in fidelity
to unity. However, at the discontinuities, the partition functions overlap and can
be analyzed through the approximate expression of the fidelity as a function of

the system parameters as following

(

1 for h =~ h,
2bgdgelh (Cosh [Béh] 71) o !
(boeﬂthdO)
1 for h ~ h,
[1+ 2aqbgelh (Cosh [[Séh,] —1) } o ?

2
(aoeﬁh+b0)

(6.12)

\

From the above expressions, it is clear that C'osh [ﬁéh} > 1 and so the F(h, ) < 1

at the transition points h. and h.s.

We also calculate the bond order to understand the configurational change and
bipartite concurrence to measure the quantum nature of the S — S pair which is
connected through a Heisenberg rung exchange J,. If the concurrence has some
finite value, the wavefunction is in a mixed or entangled state, otherwise, it is in
a pure state if the concurrence is zero. Wooters et.al. and Karlova et. al. in their
study calculate concurrence for a spin pair connected by Heisenberg interaction
in terms of the local pair magnetization and spatial correlations: longitudinal,
transverse to detect phase transitions at a finite temperature [280, 281]. In our
study, we calculate the bipartite concurrence C(.J,, h) for the Heisenberg rung pair
connected by exchange interaction J,=(J7, J7¥) in presence of the longitudinal

field as

C(Jys 1) = maw{0,4]c" (Jy, )|~

2\/[3 + b (Jg, )2 = [m! (g, h)]Q} (6.13)
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Where, m’(J,, h), c“(J,, h) and ¢ (J,, h) are the pair magnetization, the longitudi-
nal and transverse component of bond order respectively, and these can be defined

as:

, 1, ; 10F(h, N,
m'(Jg, h) = §<S2j,1 + S2j,2> - _5% (6.14)
: gz 1 9[ln Qy(h,
CL(Jq, h) = <52j,152j,2> = —B%’ (615)
q
. 1 9l Qu(h, B
(Jg h) = <52j,152j,2> = _%% (6.16)
q .

Where, Fi(h,}, ) is the free energy of one unit for which h,h’ are the applied
magnetic fields on the o, S spins respectively. For the case, b = h, F(h, p) =
Fi(h,}, ). For a better understanding of the spin arrangement of the ¢ spins
within the unit, we calculate the longitudinal bond order c*(J.,h) for the o — o

and cl(Jg, h) for the diagonal o — S spin pairs as:

10l Qu(h, B)

H(Jes h) = (02j41102j112) = 3 97 (6.17)
; 1 O[lnQq(h,
" (Ja, h) = <U2j+1,152j+1,2> = _E%(d)] (6.18)

However, the c”(J,, h), ¢'(J,, h), and the C(J,, h) are shown in Fig.6.4. (a), (b)
and (c) respectively for all four phases (i) the SRFM, (ii) the AAFM, (iii) the
Dimer, and (iv) the SLFM. Fig.6.4 can be analyzed separately for different GS
phases by approximating the partition function Q4(h, ) of Eq.6.3, as we men-
tioned earlier in Sec.?? that dy, by, and ay can describe the m = 0,1/4, and 1/2

plateau phases respectively for different limits of exchange parameters J,, J;, and

field h.
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FIGURE 6.4: (a) Longitudinal bond order ¢(Jy, h), (b) transverse bond order

cI'(Jg, k), (c) Quantum concurrence C(J,, h) for the Heisenberg spin pair S — S

connected by rung strength J, are shown as a function h. Black, red, green,

and blue colors represent four phases: the SRFM (J, = 0.2,J; = 2.0), the

AAFM (J; = 2.0,J; = 0.4), the Dimer (J, = 2.0,J; = 1.0), and the SLFM
(Jg =2.0,Jq = 1.6) respectively at T'/J. = 0.02.

The partition function for the SRFM phase having lower .J, and higher J; can be
written for three plateau phases: m = 0,1/4,1/2 as below-

(

5
e~ 1itJe—4Jeq—4Ja) form =0

Qa(h, B) ~ { 4e=7Ui—Je=4h) for m =1/4 (6.19)

B
e~ Ui+t Ia=8h) gy = 1 /2

\

In all of the plateaus, ¢”(Jy, k) = 1 and ¢’ (J;, h) = 0 emphasizes the Ising dom-
inance with the ferromagnetic alignment of the spins along the Heisenberg rung
as shown in Fig.6.4.(a), and (b) respectively. The ferromagnetic alignment sug-
gests m'(J,,h) = +1/2 and so the Eq.6.13 demands the C(J,,h) to be always

zero, which in other words can be thought of as there is no quantum concurrence
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or no quantum entanglement between the two S spins as shown in Fig.6.4. (c).
It is to be noticed that m'(J,, h) = 41/2 represents the P-I phase as shown in
Fig.6.2.b.(i). It can now be stated that the P-I phase is a pure state.

For the other three phases: the AAFM, the Dimer, and the SLFM with sufficiently
larger .J,, the magnetization can be analyzed from the Q4(h, 3) for various limits
of the system parameter A,. We discuss the quantum concurrence for the plateau

phases by writing down the partition functions separately.

(i) m = 0 plateau:

The partition function in this phase can be written as

Q4<hv ﬂ) ~

B(IE+Te) BJxY BJY Ay

2 1 Cosh[Tq]—l—Cosh[ 5 ] (6.20)

The longitudinal bond order ¢*(J,, h) in this case is —1/4 as shown in Fig.6.4.(a)
whereas, the transverse bond order ¢’ (J,, h) is controlled by the interplay of the
two terms in the partition function. For the Dimer phase (Ay = 1), the ¢’ (J,, h) =
—1/4, whereas, for the AAFM and SLFM phases ( Ay > 1), ¢’(J,, ) is less in
magnitude as compared to the Dimer phase as shown in Fig.6.4. (b). The large
transverse correlation along the Heisenberg spin pairs results in large C(J,, h) close
to unity for the AAFM and SLFM phases and it is maximum (unity) for the Dimer

phase as shown in Fig.6.4.(c).

(ii) m = 1/4 plateau

The approximated partition function in this magnetic phase is

BJgY

Qu(h, B) = 268Vi T Cosh| =

] (6.21)

From the above partition function, one can obtain c¢(J,, h) = 1/4, which implies
the polarization of the ¢ spin pairs along the longitudinal field and it represents the
P-IT phase. In this plateau phase, the Heisenberg spin pairs have the longitudinal
ck(J,, h) and the transverse bond order ¢’ (J,, h) both as —1/4 and it is shown

in Fig.6.4. (a), and (b). The maximum value of ¢’ (J,, h) in this phase results in
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giving the maximum concurrence C(.J,, h) equal to unity for all the phases: (i) the
AAFM, (ii) the Dimer, and (iii) the SLFM as shown in Fig.6.4. (¢). The Eq.6.21
has no J; dependence implying the Ising and HB rungs are isolated. From these
results, one can remark that the P-II is maximally entangled due to the strong
singlet formation along the HB rung.

(iii) m = 1/2 plateau

In this plateau phase, the partition function can be written as
Qu(h, B) ~ €—§(J§+Jc+4ch+4Jd—8h)7 (6.22)

which is the same as discussed before for the SRFM phase. The exponent of the
partition function suggests that all the longitudinal bond orders ¢ (J,, h), c*(J., h),
and c(Jg, h) are 1/4 and it is the signature of the FP phase with vanishing trans-
verse bond order along the Heisenberg exchange .J,. The maximum longitudinal
bond order and vanishing transverse bond order in the FP phase ensure that it is

a pure state.

6.4.1.2 Quantum phase diagrams

In this section, we analyze the quantum phases as a function of J; and J, at
different longitudinal magnetic fields h = 0, 1,2, and 3. For the sake of complete-
ness, we show the h = 0 quantum phases (i.e., the zero field GS phases), which
are studied earlier in [1]. To characterize the quantum phases uniquely, we define
the quantum phase index (QPI) which is a function of three different bond orders

within the unit cell of the lattice and can be written as

QPI —
2Sign[c(J,, h)] + Sign[c"(J4, h)] + Sign[c"(J., h)] (6.23)



Chapter 4. 102

Ground-—state phases :

=/

(i) SREM (ii) AAFM (iii) Dimer (iv) SLFM

Plateau phases :
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FIGURE 6.5: Schematics of the GS and the plateau phases are shown. Sign of

the bond orders with exchange interactions J;,Jq, and J. are shown in magenta,

black, and blue colors respectively. Boxes represent the perfect singlet Dimer
formation.

Where Sign[z] is the signum function and can be defined as

;

1 forx >0
Sign[z] = 10 forz =0 (6.24)

—1 forz <0

\

The spin arrangements and the signum values of the longitudinal bond orders along
Heisenberg rung c”(J,, h), diagonal spin pair ¢ (Jy, h), and Ising rung c*(.J,, h) are
shown for the quantum phases in Fig.6.5. The signum value of the bond orders

and the corresponding unique QPI for different quantum phases are tabulated in

Table.6.1.

We analyze different plateau phases in the plane of J, — J; for different values of
h as shown in Fig.6.6.(1)-(iv ). As it is seen in Fig.6.6.(i), h = 0 phase diagram
represents four GS phases: (i) the SREM, (ii) the AAFM, (iii) the Dimer, and (iv
Jthe SLFM with the four distinct QPI values as 2,-2,-3, and -4 respectively. Fig.
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TABLE 6.1: Quantum Phase Index (QPI) for different phases.

Phases Sign Sign Sign QPI
M) [ ah)] [H(Jes )
(i) SRFM +1 -1 +1 2
(ii) AAFM -1 +1 -1 -2
(iii) Dimer -1 0 -1 -3
(iv) SLFM 1 1 1 4
(v) P-1 +1 0 -1 1
(vi) P-II -1 0 +1 -1
(vii) FP +1 +1 +1 4

6.6(ii) shows a few plateau phases along with the non-magnetic GS phases for the
field A = 1.0. In this phase diagram, the P-I and P-II phases are shown with QPI
numbers 1, and -1 respectively. With the low J, value, the SRFM phase transit
to P-I, whereas, in the vicinity of the SRFM-SLFM phase boundary, the regime
with comparable J;, and J; transit to P-II phase which is interesting and can be
analyzed by writing down the critical fields for different limits of J,. The spin gap
or the critical field h.; for the SRFM phase in different J, limits can be obtained

as

(Ja+1/2) for J, < J.
hey & ! (6.25)

(1+Jd—§—%€y) for J, > J.

From the above equation, by considering h.; = 1, the phase boundaries between

the SRFM-P-I and the SREM-P-II phases can be obtained as J; = 0.5 and Jy ~ J,

respectively and these boundaries are noticed in Fig.6.6. (ii).

Similarly, the spin gap h.; for the AAFM, the Dimer, and the SLFM phases can

be written as a function of J; and A in the following manner

1 1 C’osh[%]

he ~ = + —In[1 + (6.26)
T2 5 [ Cosh[ﬁ%] )

The critical fields h. in Fig.??. (ii)-(iv) for the AAFM (0.7), the Dimer (0.5),
and the SLFM (0.7) phases agree well with the above equation. Also, from the
Eq.6.26, one can determine the phase boundaries between the AAFM-P-II, and
the SLEM-P-II as a function of system parameters J,, J; or Ay. However, the
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FIGURE 6.6: Quantum Phase Index (QPI) is shown for five longitudinal fields

h=0,1,2,3 from (i)-(iv) in sequence. The color bar shows the QPI as defined

in Eq.6.23. The QPI values 2, -2, —-3,—4,1,—1,4 represent quantum phases:

the SRFM, the AAFM, the Dimer, the SLFM, the P-I, the P-II, and the FP
phases respectively.

major part of the parameter space in Fig.6.6. (iii) is occupied by P-II due to the
low spin gap in the AAFM, the Dimer, and the SLFM phases. In Fig. 6.6(iii),
the P-II occupies the largest area and replaces the AAFM phase completely for
the field h = 2. A small area of the FP phase emerges in this case for very small

values of J, and J; in Fig.6.6.(iii).
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The FP phase appears either from the P-I or P-II phase on the application of the
critical field h.. This critical field can be written as a function of the system

parameters in the following way

(Ja+3/2) for P-I phase
hc? =~ (627)

W*éﬂ + %[n[Cosh[ﬁJ—;yH for P-II phase

From the above equation, by taking h.o = 2, one can determine the phase boundary
between the P-I-FP phase as J; = 1/2. Similarly, the P-II-FP phase boundary
can also be obtained from the above equation. For h = 3 in 6.6. (iv), the SLFM
phase is replaced by P-II, whereas, for the large J; value, the SRFM phase still
exists in the magnetic phase diagram due to the largest spin gap he = (Jy+ 3/2)
as in Eq.6.27. With an even larger field value, all other phases vanish and the FP

phase occupies the phase diagram completely.

6.4.2 Magnetization process in the presence of a transverse

field

Using many experimental techniques in general, this kind of system is synthesized
in powder form or single crystal form and so to understand the directional depen-
dence of the field on the magnetization, we study the effect of the transverse field
h* in our model [259, 260]. In the presence of h*, the Hamiltonian of different
units do not commute to each other, and therefore, the TM method never works,
we use the ED method to show the finite size scaling of magnetization for three

system sizes and then analyze the spin density for N = 24.

6.4.2.1 Transverse component of magnetization

It is to be mentioned that all four GS phases are in the S* = 0 sector, and so it does
not change the longitudinal but rather the transverse component of magnetization

on the application of an external transverse field h*. We calculate the transverse
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FIGURE 6.7: Transverse magnetization m” is shown as a function of the trans-

verse field h* for four phases: (i) SRFM (J, = 0.2, Jg = 2.0), (ii) AAFM

(Jg = 2.0, Jg = 0.4) (iii) Dimer (J, = 2.0, J; = 1.0), and (iv) SLFM

(Jg = 2.0, Jg = 1.6). Black, red, and green colors represent the system sizes
N = 16,20, and 24 respectively.

magnetization m® in terms of spin density (SF) at each site i as-

m" — %Z(Sﬁ (6.28)

In Fig.6.7[(i)-(iv)], we show the transverse (along +x direction) magnetization
for all four phases: (i) the SRFM, (ii) the AAFM, (iii) the Dimer, and (iv) the
SLFM with the corresponding set of chosen J,, J; values as in section 77 for the
system sizes N = 16,20, and 24. In the SRFM phase, the m”* shows continuous
variation with the field h* up to saturation value. In this phase, the GS has Ising
bond dominance for all the spins, and therefore the spins along the x-direction
get smoothly oriented along the field. In the AAFM phase, the curve increases
smoothly and then it shows a m* ~ 1/4 plateau-like behavior in the range 0.45 <
h* < 1.75, and afterward it jumps to full saturation. A similar behavior is noticed
in the Dimer phase as well in which the plateau onsets at a field h* = 0.4. In

this case, the jump from the m® = 1/4 plateau to saturation is much faster than
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FIGURE 6.8: Transverse component of spin density (SF) at each site i for for

four phases: (i) SRFM (J;, = 0.2, J; = 2.0), (ii) AAFM (J, = 2.0, J; = 0.4)

(iii) Dimer (J; = 2.0, Jg = 1.0), and (iv) SLFM (J; = 2.0, J; = 1.6) are shown

for system size N = 24. Along the horizontal axis, the site index ¢ for each spin

is shown. Along the vertical axis, the transverse field h” is varied. The color

bar shown in all subfigures represents the amplitude of (S7) and it varies from
0 to 0.5 for spin-1/2 systems.

in the case of the AAFM phase. In the SLFM phase for h* < 0.7, m® increases
smoothly, and then it forms the plateau-like structure for 0.7 < h* < 1.7. It
shows a sudden jump almost around h* = 1.75 and slowly reaches saturation
magnetization for higher h*. From all the subfigures, it is noticed that there is a
negligibly small finite-size effect. In the next subsection, we analyze the m* = 1/4

plateau mechanism for all the phases based on the spin density.

6.4.2.2 Transverse component of spin density

For a more detailed understanding, we show the color map of the spin density
(S7) in all four phases for N = 24. It is to be mentioned that the ¢ — ¢ and
S — S pairs alternate with site index 7. To be more specific, ¢ — o pairs take
the site indices [1,2,5,6,....] whereas, S — S pairs take the indices [3,4,7,8....] as
shown in all subfigures of Fig.6.8. In Fig.6.8.(i), (S¥) varies continuously as h®
increases for all the sites. As the GS of the SRFM has only Ising interactions
dominance and there is no transverse spin correlation, all the spins continuously

get oriented along h” in this phase. In the AAFM phase, the S — S pair has a
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strong transverse spin correlation whereas, the ¢ — ¢ rung pairs are weak and are
aligned continuously with an increase in A* as shown in the color map Fig.6.8.
(ii). Saturation is attained by an even further increase of field when it breaks the
strong S — S pair at h* = 1.75. As shown in Fig.6.8. (iii) for the Dimer phase,
the continuous increase of m” is similar to the AAFM phase but a sudden jump
at h* = 1.7 is noticed because of unbinding of the perfect S — S singlet pairs.
Fig.6.8.(iv) shows (S7) for the SLFM phase. As in the GS of this phase, both the
Ising pairs and Heisenberg pairs are aligned parallel but spins of opposite legs are
aligned oppositely, with the increase in A*, it is noticed that all the Ising dimer
pairs are continuously broken until the magnetization reaches to 1/4. An even
further increase in h* does not easily close the spin gap and results in a large
m® = 1/4 plateau until a field h* = 1.75 is applied to break the Heisenberg rung
S — S pairs.

6.5 Summary

In this paper, we study the effect of external magnetic field on the GS phases of
Hamiltonian in Eq.6.1 of a frustrated Spin—% two-leg ladder with alternate Ising
and Heisenberg type of rung and Ising type of interaction in the leg and diagonal.
This model has a few similarities to one of the earlier studied models where leg
and diagonal exchanges are Ising type but all the rung exchanges are Heisenberg
type in which on applying the magnetic field, a magnetic phase SB appears [98].
In our model, alternate rungs are Ising-Heisenberg type due to which the zero
field GS phases and the plateau phases depend upon the competing Ising and
Heisenberg rung exchanges as well. Tuning of the exchange parameters in the
model Hamiltonian can give rise to four GS phases: (i) the SRFM, (ii) the AAFM,
(iii) the Dimer, and (iv) the SLFM, whose spin arrangements are schematically
represented in Fig.6.1.b. [(i)-(iv)]. We analyzed the magnetization behavior in the

presence of external magnetic fields: longitudinal and transverse.
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In the presence of the longitudinal magnetic field h, the GS shows three magnetic
plateaus: the first one is due to the finite spin gap, the second plateau at m = 1/4
is formed due to the polarization of either Ising or Heisenberg type of rung spin
dimers along the field. This can be of two types as shown in Fig.6.2.b. In the
SRFM phase, the Heisenberg rung spin pairs S — S are polarized giving rise to
“m = 1/4 plateau type-1” or “P-I” phase as shown in Fig.6.2.b.(i). But for the
other three zero field GS phases: the AAFM, the Dimer, and the SLFM, the o0 — o
spins are polarized at m = 1/4 and give rise to “m = 1/4 plateau type-2” or
“P-II” phase as shown in Fig.6.2.b.(ii). In the presence of a large external field in
all phases, all of the spins are completely polarized along the field and form the
third plateau at the saturation magnetization m = 1/2 which is named FP. The
m = 1/4 plateau width is sensitive to the parameter values as obtained in Eq.6.7.
We also notice that two plateaus are connected by jumps in the magnetization
curve and this is because of the unpairing of either all S — S (for P-I) or all 0 — o

(for P-II) rung dimers.

To understand the quantum nature of the wave function of the GS, we calculate
the quantum fidelity and quantum concurrence in the presence of a longitudinal
field. In all four phases, fidelity shows deviation from unity at the critical fields of
magnetic phase transitions as shown in Fig.6.3. We note that the discontinuities
in fidelity represent the overlap of the plateau phases. The quantum concurrence
shown in Fig.6.4.c measures the entanglement between two spins at the Heisenberg
rung. The concurrence is always zero as a function of the field for the SRFM phase,
and it means that the SRFM phase is a pure state. Whereas, in other phases: the
AAFM, the Dimer, and the SLFM, the concurrence has a finite value both at
m = 0. In the m = 0 plateau phase, the concurrence is a function of the exchange
interactions for the AAFM, and the SLFM phases and it is maximum for the
Dimer phase. The concurrence is zero for the P-I phase and FP phase. Whereas
it is maximum for the P-II phase as it forms the isolated singlet Dimers along the
Heisenberg rung. So, one can state that the P-II phase is maximally entangled,

whereas, P-1 and FP phases are the pure states. However, all of the jumps in the
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magnetization can be indirectly predicted based on the jumps in concurrence as

shown in Fig.6.4.c.

We define QPI to uniquely identify the quantum phases in the exchange parameter
Jq~Ja plane for a finite longitudinal field A. The unique QPI values for different
quantum phases are tabulated in Table.6.1. The effect of the longitudinal mag-
netic field on the GS phases is shown in Fig.6.6.[(i)-(iv)]. For a sufficiently larger
longitudinal field A = 1.0, the Dimer phase disappears, and two types of m = 1/4
plateaus: P-I, P-II appear. At a very large field h = 3.0, it is noticed that the
P-1, P-II, and FP phases dominate in the phase diagram. The phase boundaries
among the quantum phases can easily be obtained from the analytical expression

of the critical fields of phase transitions.

In the SRFM phase, spin alignments are along the z direction and there is weak ex-
change interaction along the +x direction in the Heisenberg rung dimers, therefore,
magnetization m”® shows a continuous variation till saturation on the application
of a transverse field. In other phases: the AAFM, the Dimer, and the SLFM,
the magnetization process can be understood in terms of two sublattice behaviors.
The sublattice with 0 — ¢ dimer is paramagnetic along x, whereas, in the other
sublattice, the Heisenberg spin pair S — S dimer has a strong transverse exchange
component which induces a finite spin gap in the system. As a consequence, at a
lower value of the transverse field, the system shows a continuous behavior in the
magnetization curve due to gradual change of m® of ¢ — ¢ spins up to m* = 1/4
with an increase in h* as shown using spin density in Fig.6.8.[(ii)-(iv)]. With fur-
ther increase in field, at a critical value, the magnetization curve shows a sudden
jump from m® ~ 1/4 to 1/2 for the three phases: the AAFM, the Dimer, and the
SLFM, and this phase transition seems to be of the first order. The plateau width
is sensitive to the set of parameters or the set of exchange interactions J, and Jy

in the presence of a transverse field also.

In conclusion, this model system is unique because of the alternate Ising-Heisenberg

rung exchange and gives many insightful mechanisms of the plateau and jumps
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both in the presence of longitudinal and transverse fields. The magnetic prop-
erties of such systems can be utilized in designing quantum switches, magnetic
memories, and other similar devices. Also, these systems might have tremen-
dous applications in quantum information processing and quantum computation

because of the entangled states.

6.6 Appendix 1

The partition function in presence of a longitudinal field h for N sites, Qy(h, )

with Hamiltonian H can be written as-

On(h, B) = Tr <e—/3H) (6.29)

where, Tr means trace of the matrix, § = 1/ (kgT) and kp is the Boltzmann
constant. Using explicit configuration basis for the system, Eq. 6.29 is rewritten

in the following form,

Qn(h,B) = Z <L 09j-11, 095212, 9251, 92j,2, 7
{05}

—BH
e B | 70'2j717170'2j7172,52]',1752]',27 cee >

Here the summation is over all possible configurations {o, S} of the system. For a
given configuration, |- -, 09;_11,09j-12, 5251, S2j2, - - - > represents a basis state.
In our case, the system is composed of n = N/4 units, and for each unit, the
Hamiltonian is written in Eq.6.1. The partition function of the entire ladder can

be written as:

n
Qn(h, B) = Z <0951, 02512, | HTj | 09511, 02512, >
j=1
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where T; = Z{S}Z_ < S9i1,5%2 | e AHi(:5) | S9i1, 592 > is well-known transfer
matrix operator for each unit. Here the summation is over {S}; which repre-
sents all possible configurations of spins Sy;; and Sy o (from the i unit). It
may be noted that 7T; does not contain the components of spin S operators and
it has only o variables, namely, 02;_11,02i-12,02+1,1 and 09412. Since, the
Hamiltonians of each unit commute to each other, introducing identity operators
I = Z{U}Z_ |02i—1.1,02i—12 >< 09-11,092i—12| between successive T operators, we
can finally write the partition function as the trace of the n-th power of a small

(4 x 4) transfer matrix P. We have,

Q@n(h,B) = Tr(P"),

The elements of the transfer matrix are given by

P(<72i71,17027;71,2)7(02241,1,027;+1,2) =< 02i-1,1, 02i—1,2 ’ T, ‘ 02i+1,1, 02i+1,2 >(6.30)

Before we construct and diagonalize the P matrix, we first need to carry out
the trace over the configurations {S}; to find out the form of T;. Since T; =
Z{S}i < Soi1, Soin | e PHI@S) | Sy 1 Soin >, if we take the eigenstate basis of Hj,
we will get T; as the summation over exponential of eigenvalues of —fH,;. Next,

we calculate the eigenvalues of H; operator.

By considering,

a=Jq (‘753'—1,2 + U§j+1,2> + Jeq (0-5]‘—1,1 + 0§j+1,1> +h

b= Jq <U§j—1,l + U§j+1,1> + Jeg (Jgj—l,Z + U§j+1,2> +h

c= % 05;-1103j-12 1 0541105412

d= % (‘753‘71,1 +03 10+ 0500+ U§j+1,2>7

f=c+d

Hamiltonian (Eq. 6.1 ) for the j* geometrical unit can be written as-
JxY

H; = % (S;_j,ISQ_jQ + 52_]‘,15;;',2> + J; ( gj,l 2Zj,2> +a 5;‘71 + bS2Zj,2 + f

We can write down the following Hamiltonian matrix in the eigenstate basis of
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z z
57195 Operator,

T edh g 0 0 0
H, - 0 R A 0
I 0 Jq? —Ji _ (a=b) + f 0
2 4 2
JZ a
0 0 0 oD

The Hamiltonian matrix comes up with its four eigenvalues from three S%g sectors

based on S-S pairs-

(i) From Sy =1 sector (formed by S-S pair)

0= (f+3)+ 5"

(ii) From S%g = —1 sector (formed by S-S pair)
JZ a

b = (f + ) —

(iii) From S%g = 0 sector (formed by S-S pair)

e
0y — (f — i) 4 YOTPHGDE

4
Jiy _ AP +ab?
Oo=(f-F) -

We note that the eigenvalues (6)/) are functions of o variables, namely og;_1 1,

09j-1,2, 0241, and og;41 2. Using these eigenvalues, we rewrite T as,

Ty = < Sy Sga | €S [ 550, 85,5 >
{5}

= 24:6_66;“.

k'=1
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2
BIZ BJY (a — b)?
+e7d C’osh( /14 —— )}

2 (Jg")?

. BIq BJe
Further, we consider- e =@ ,e1 =C),
h . o J )2

e 4 = H7 (J q;_Jd) = X’ (J(;qzy(;g) = Y?

and also, Ay =V1+Y, Ay =+1+4+4Y.
The Transfer matrix for one unit becomes -

] L 3
w
<
<

Where,

X [QlCosh(ﬁ(QX +h)) + QCosh(ﬁfy)}

g = 2e=Ph/)

X {Q‘lOosh(ﬁ(X +h)) + QCosh(B J;;Al )}

— 9p—BlJe/4)

X {Q‘l(]osh(ﬁh) +QCosh(ﬁ ‘fy)]
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s — 2B0e/4)

X [Q‘l(]osh(ﬁh) +QOosh(ﬁ J;;AQ)}

o — 2800/
Ty

X [QlCosh(ﬂh) +Q005h(5gq )]

b — 2¢50/2)

X {Q‘lCosh(ﬁ(—X +h)) + QC’OSh(ﬁJ;;AI)]

w = 2e—BUe/4=h)

X {QlCosh(ﬁ(—ZX +h)) + QCosh(ﬁfw)}

From |P — Al4| = 0, we get the eigenvalues in the form of

A= (s —u)

A — BoA’ — CoA+ Dy =0 (6.31)

Here, \; is one of the eigenvalues, whereas, the other three come from Eq.6.31.

The coefficients of the equation are defined as:

By = (s+u+w)
2

Co= (24 +v* = ) = pw+ (p = w)(s + )]

Dy = [4qrv — 2pv* — 2¢%w + pw® — (s + u)(r® + pw)]

For the polynomial equation 6.31, the eigenvalues \; satisfy the relations-

3 3

> Xi=By> Adig=-Cy (6.32)
=1

=1
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Now, let us make a very reasonable assumption to make the calculation easy. We
assume, A1 > Ay > A3 are in descending order and A3 has the least contribution

in the partition function so that Eq.6.32 can approximately be written as:
)\1 + /\2 = Bo, )\1)\2 - —CO (633)
The Eq. 6.33 leads us to getting other two eigenvalues:

)\%’2 — Bo)\l,g - Co — O

s A,y = DoV EBHC (6.34)

2

We find Eq. 6.34 becomes much more simpler with further approximation in

[ — oo limit as-

A= (w+ s+ u)

ZBUc=dh) | 4 B ;y
=92 1 {Q Cosh|[f(h — 2X)] + QCosh| 5 ]]
+ [2Q_1Cosh[ﬁh] + QCosh[B(fy] + QCOSh[BJ;;AQ]}
e (6.35)

Qn(h, ) takes the form as
An(h, B) = [A1 + A2+ Az + My]"
For n — oo, and Ay being the largest, the partition function for the entire system

and one unit become Qy(h, f) = A and Q4(h, 5) &~ A respectively.
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Symmetry broken phases and
probable quantum spin liquid in a

pyrochlore ladder

7.1 Introduction

In condensed matter physics, the pyrochlore lattice refers to a specific arrange-
ment of atoms or ions in a crystal structure and this lattice structure is commonly
found in certain materials, particularly in certain rare-earth and transition-metal
compounds [285-287]. The pyrochlore lattice is characterized by a network of
interconnected tetrahedrons. There are five major key features in the pyrochlore
lattice. First, it generally exists on a tetrahedral geometry where the crystal struc-
ture consists of a corner-sharing tetrahedron, and each vertex of the tetrahedron
is typically occupied by an atom or ion as shown in Figure xx. Second these sys-
tems are frustrated due to the geometric arrangement of the localized spin and
the geometric frustration in the spins arises when interactions between neighboring
particles cannot be simultaneously satisfied. This frustration can lead to a complex
and interesting ground-state magnetic phase. In many cases, these systems are

often studied in the context of quantum spin systems and their topological nature
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of the ground state phases. The spin-ice arrangement of spin in the ground state
is one of the key features of various materials like Ho,TisO7 and Dy,Ti,O; which
are rare-earth pyrochlores are classic examples of spin ice materials [287, 288].
The magnetic ions (holmium or dysprosium) on the pyrochlore lattice behave like
magnetic monopoles and exhibit interesting magnetic properties [289]. YbsTiyO5
has been studied for its potential to host a quantum spin liquid state on the py-
rochlore lattice [290, 291] and CdsOsy0O; compound is known for its topological
properties on the pyrochlore lattice [292, 293]. Tt exhibits a novel electronic state
with protected surface states, making it a topological insulator. EuslroO; com-
pound is an example of a material where the pyrochlore lattice leads to frustrated
magnetic interactions, resulting in exotic magnetic states and potential applica-
tions in spintronics [294]. PrylroO7 compound is a heavy fermion material with a
pyrochlore lattice [295]. It exhibits unconventional electronic behavior and is of

interest in the study of strongly correlated electron systems.

The above examples of real systems show that these systems have a diverse range
of physical phenomena that can emerge in materials with pyrochlore lattice struc-
tures. Researchers investigate these materials to understand fundamental aspects
of quantum magnetism, topological phases, and other condensed matter physics
phenomena. The unique geometric frustration in the pyrochlore lattice often leads
to unconventional and intriguing properties, making these materials fascinating

subjects of study in the field of condensed matter physics.

Significant attention has been devoted to the examination of spin-1/2 systems with
antiferromagnetic couplings on the pyrochlore lattice. Classical investigations have
elucidated a noteworthy phenomenon, revealing that the arms of each tetrahedron
contribute to geometrical frustration. This frustration proves to be a pivotal factor
in disrupting the anticipated magnetic ordering within the system, ultimately

leading it into a disordered magnetic phase [296].

Despite the prevailing disorder, the authentic ground state of the classical system

has been identified as a spin-ice state. This distinctive state adheres to the 2-in
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and 2-out rule [297], showcasing a remarkable manifestation of magnetic behav-
ior. In contrast, the exploration of three-dimensional pyrochlore lattices featur-
ing isotropic Heisenberg exchange interactions introduces a formidable modeling
challenge. This system’s intricate nature has sparked prolonged and unresolved
debates surrounding its elusive ground state, adding a layer of complexity and

interest to the overall understanding of such spin systems on pyrochlore lattices.

In this chapter, we study the quantum phase transitions of a Heisenberg anti-
ferromagnetic spin-1/2 on pyrochlore ladder geometry with periodic boundary
conditions along the width, and a cartoon of the structure is shown in Fig. 7.1.
The main goal of this work is to find the true ground state of a 2-layer ladder-
like spin-1/2 pyrochlore structure by tunning the exchange parameters J;, J,., J,
and J; which are the leg, rung, vertical up and down antiferromagnetic exchange

interactions shown in Fig. xx.

7.2 Many-body Hamiltonian for the Pyrochlore
ladder

The ladder-like pyrochlore structure with a system size of 32 is shown in the
schematic. 7.1, and this system can be thought of as three different layers. In the
top and bottom layers, it forms a kagome ladder, whereas, the middle layer forms
a square ladder. The lattice indices on the top layer are 1,3,5,9,11,13.. and
2,4,6,10,12,14.. as shown in Fig.7.1. The lattice indices for the square ladder
are 7,8,15,16, .. etc. However, collectively all of these lattice points are arranged
in such a way that the smallest unit of this kind of ladder forms a tetrahedron.
Further, someone can notice carefully and find that all of these tetrahedrons are
connected to four other tetrahedrons at their four vertices. The entire pyrochlore
ladder consists of 16 pyrochlore units, however, this system size can be nevertheless
infinitely large, and due to the short-range nature of the ground state, we believe

that the ground state phase of this system survives even the thermodynamic limit.



120

Free Body Schematic Diagram for N=32

FIGURE 7.1: (color online) Schematic of a 3-layer pyrochlore ladder. The leg .Jj,
rung J,., vertically up J,, and vertically down J; exchange interaction are shown
in cyan, brown, red, and blue colors respectively. Black red, and indigo colors
represent each site. All the spins at the legs of the top and bottom layers are
shown in green color. The spins situated at the middle of the top and bottom
layers are shown in black color. All the spins in the middle layer are shown in
indigo colors. These spins are disconnected in the same layer and connected to
the top and bottom layers via J, and Jj.

The model Hamiltonian of each of the tetrahedrons can be written as follows

Hi =Y J.5:S, (7.1)
k.i#j

Where Ji is the exchange interaction between two sites ¢ and j. There are two
kinds of exchanges in the top and bottom layers. The exchange interactions of
the kagome ladder along the rung or zig-zag direction (shown in brown color) is
J., whereas along the leg J;. There is no exchange interaction among the spins
in the middle layer but these spins are connected to the top and bottom layers
through exchange interactions J, or Jy. The alternative spins in the middle layer
are connected through J,,J; to the top layer and J;,J, to the bottom layer. The
Hamiltonian of this model is solved using the iterative variational method (IVM)

which is discussed in Chapter 2.
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FIGURE 7.2: (color online) (a) Energy gap (AE) shown as a function J,, for the
system size N = 32. (b) Spin-spin correlation at site ¢ concerning ¢ = 7 is shown
as a function of the site index i. The black, red, green, blue, and violet colors
represent the exchange parameter values J, = 0.4,0.6,0.8, 1.0, 1.2 respectively.

7.3 Results

Throughout our calculation, we assume that JJ; = 1 and J, = Jy, and all the results
are presented as a function of J, and J,. By varying two of these parameters we
characterize various quantum phases based upon the low-lying energy gap and

spin-spin correlation. The low-lying energy gap can be defined as the following

AE = E,(S* = 0) — Ey(S* = 0) (7.2)

Here, E,(S* = 0) is the n'* level energy eigenvalue for the z-component of spin
sector S* = 0. We focus only on the two lowest-lying states to study the energy
crossover as a function of tuning parameters. n = 0,1 represents the ground
state, and the first excited state respectively. The z-component of the spin-spin
correlation C'(i, k) between any two spins ¢ and k can be calculated for the ground-

state wavefunction as following

C(i, k) = (S;SE) (7.3)

The () represents the expectation value of S7 S} of a state.



Chapter 7. 122

7.3.1 Energy gap and spin-spin correlation by tunning J,

We first study the energy crossover in the system by tuning .J, and keeping .J,
fixed to unity. In Fig.7.2, the excitation gap AF is shown. AFE increases with
increasing J, in the scale of 1072 which is very tiny for N = 32 and it will
vanish in the thermodynamic limit. The vanishingly small AF in the finite system
indicates at least a doubly degenerate ground state in the system which can be
understood intuitively from the following discussion. The top and bottom layers
of the pyrochlore ladder in Fig.7.1 are individual kagome layers. With the leg
and rung exchange interactions being equal to J; = J, = 1, each of the decoupled
kagome layers has a doubly degenerate ground state. There are exponentially
increasing singlet excitations below the first triplet for a kagome lattice and this
is why the pyrochlore ladder also has many low-lying singlet excitations. The
lowest excitation gap for the pyrochlore ladder is found to be very tiny as shown
in Fig.7.2. (a). As a consequence, the correlation function in the system is highly

localized as described below.

The spin-spin correlation function C(i,7) for any site i from a reference site 7
is shown in Fig.7.2. The reference site 7 is situated in the middle layer of the
system which is connected through exchange J,. It is noticed that the C(i,7)
shows a short-range correlation which is restricted to the vertices of tetrahedrons
1=1,2,5,6,9,10 connected to the site 7. The small value of J, is in the critical
limit where the wavefunctions are degenerate and so at further distances such
as 1 = 16,23, 24,32, the correlation is found to be small but finite. With the
increase in J,, it is noticed that the correlation at the vertices ¢ = 1,2,5,6,9, 10
increases and decreases at ¢ = 16, 23, 24, 32. The exponential decay in correlation

and increasing energy gap support the existence of a non-degenerate ground state.

7.3.2 Energy gap and spin-spin correlation by tuning J,

We now turn our focus to analyzing the effect of J,. by keeping J,. The energy

gap and spin-spin correlation are calculated for various J, by setting J, to unity.
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FIGURE 7.3: (color online) (a) Energy gap (AFE) shown as a function J, for the

system size N = 32. (b) Spin-spin correlation at site i concerning ¢ = 7 is shown

as a function of the site index i. The black, red, green, blue, magenta and yellow

colors represent the exchange parameter values J, = 0.2,0.4,0.6,0.8,1.0,1.2
respectively.

Fig.7.3 shows the energy gap AFE as a function of the exchange parameter J,.
With increasing J,., the finite gap AF is almost a constant around 0.6 and then
it suddenly jumps at J, = 1 to almost zero, and on further increase in J,. opens
up the gap again above J, = 1. The finite non-vanishing AFE at every value of
J. except J. = 1 represents the ground states to be always nondegenerate. The
vanishingly small value of the gap on the other hand indicates a spontaneous
symmetry-broken phase transition. The non-vanishing gap is unusual from the
previous case as described in .7.3.1 because of the unequal exchange interactions
in the top and bottom layers. The finite exchange J, connects both of top and
bottom layers which as a result gives the non-degenerate ground state for any value
of the rung exchange except J,. = 1. J, is the special case that mimics the previous
scenario and it results in having the ground state of the top and bottom layers
degenerate. Even having sufficient exchange interaction strength of .J, because
each of the top and bottom layers isolated gives rise to a degenerate ground state,

the spectrum of the entire system also has a vanishingly small gap.

In Fig.7.3, the spin-spin correlation C(i,7) of the system is shown as a function
of the site indices i from the reference site at i = 7. C(i,7) is shown for various
J, values in the spacing of 0.2. It is noticed that the C(i,7) falls off rapidly as
distance from the reference site 7, and it implies the short-range correlation nature

of the ground state in the system. The large finite values of correlation C(i,7)
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at i+ = 1,2,5,6,9,10 are noticed for the vertices of the tetrahedrons connected
to reference site ¢ = 7. It is also noticed that for J,.(1, the reference site i = 7
is strongly connected antiferromagnetically to the sites ¢ = 5,6 at the top and
bottom layers respectively. Above J,. = 1, the site 7 is strongly aligned opposite
to the other vertices + = 1,2,9,10 of the tetrahedrons as compared to ¢+ = 5,6.
These two scenarios are for two competing limits of J, and J,. However, in these
two competing limits, all of the spins at the vertices of the mentioned tetrahedrons
change sign concerning the reference site © = 7. The change in sign of the spin-spin
correlation is consistent with the energy gap as discussed above and both of these

two results are signatures of a symmetry-broken phase transition.

7.4 Summary

We study a three-layer ladder-like pyrochlore lattice structure of system size N =
32 using IVM. The energy gap between the ground state and the first excited
states AFE and spin-spin correlation for the ground state wavefunction is studied
by tuning two of the exchange parameters J, and J, separately while the other
is kept fixed to unity. We notice that the system has a tiny gap which is a
consequence of the degenerate states of each kagome ladder a the top and bottom
layers, and a further increase in J, does not enhance the gap or show any kind
of energy crossover, therefore, we do not expect any sharp change in ground state
phase. By tuning the exchange parameter J,, it is noticed that the system shows
a finite and large gap below and above J, = 1 which in turn implies the existence
of the non-degenerate ground state phases. We notice a quantum critical point
at J. = 1 about which the energy gap and the correlation function seem to be
non-trivial. The finite size effect in this system is quite dominant and so the finite

size scaling is needed to confirm all the conclusions.
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Conclusion

In this chapter, we summarize all the thesis works.

In Chapter 3, the spin-1/2 chain with nearest neighbor antiferromagnetic .J; and
next nearest neighbor antiferromagnetic Jo model is extensively studied earlier
as well which shows various quantum phase transitions. The characterization of
the quantum phase transitions is done earlier by calculating the singlet-triplet
gap and the nature of the quantum phases is well understood by the spin-spin
correlation function. In this thesis, we propose an iterative variational method
(IVM) to produce the most probable spin configurations (MPSC) for the same
model. The use of these MPSCs for the ground state (GS) and first excited state
(FES) as an input to Principal component analysis (PCA) successfully charac-
terizes the phase boundaries and identifies the nature of the quantum phases in
terms of principal components. The principal components for the GS wavefunc-
tion identify the Majumder-Ghosh point i—f = 0.5. The gapless quasi-long-range
ordered (QLRO) spin liquid-gapped dimer phase boundary is characterized using
the principal components of the FES.

In Chapter 4, the first principal component characterizes the first-order quantum
phase transition from the ferromagnetic to XY phase for the spin-1/2 XXZ model
at % = —1. The finite-size scaling of the second principal component successfully

detects the infinite order Kosterlitz-Thouless (KT) phase transition point at % =1.
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In Chapter 5, a spin-1/2 two-leg ladder with alternate Ising .J. Heisenberg J, rung,
Ising type leg interaction J,, and Ising type diagonal interaction J; is considered.
The quantum phase transition is studied in the parameter plane of J, —.J; by keep-
ing other exchange parameters to unity. Under the periodic boundary condition,
the ground state energy, and singlet-triplet energy gap calculation characterize four
quantum GS phases: stripe rung ferromagnet (SRFM), Dimer, anisotropic anti-
ferromagnet (AAFM), stripe leg ferromagnet (SLFM). The spin-spin correlation
studies give the spin ordering in these GS phases. The jumps in the von Neumann
entropy, concurrence are consistent with the characterized phase boundaries. Fur-
ther, the effect of thermal fluctuation is studied in brief for finite temperature

calculation by using the transfer matrix method.

In Chapter 6, the effect of the magnetic field on the quantum phases of the same
two-leg ladder with alternate Ising-Heisenberg rung interactions is studied. The
magnetization process is studied with the same set of exchange parameters in the
presence of the longitudinal and transverse magnetic fields separately. In the pres-
ence of the longitudinal magnetic field, the quantum phases exhibit four types of
magnetic plateau phases: 0 plateau, 1/2 saturation type-1 plateau, 1/2 saturation
type-2 plateau, and full saturation plateau. For five sets of the longitudinal field,

the phase boundaries are characterized by defining a quantum phase index.

In Chapter 7, a ladder system of the pyrochlore lattice of system size N = 32
is considered to study the quantum phase transitions. The energy crossover and
spin-spin correlation characterize the quantum phase boundary between two or-
dered phases for the system size N = 32 when all the exchange bonds are equal.
Because of the high frustration and finite size effect, the ground state phases are

yet inconclusive for the thermodynamic limit.
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